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Abstract

In this paper, I study the effects of an exogenous investment shock that is correlated
with the skill distribution in the population. In the model, agents, who have heteroge-
neous productivities, are sorted into different occupations based on their comparative
advantages over the business cycle. I also assume that each occupation is associated
with a different consumption bundle. This latter assumption implies that as agents
switch between low and high-skill jobs their consumption behavior changes in a discrete
fashion as well, which in turn gives rise to non-linear income expansion paths at the
aggregate level without assuming non-homothetic preferences at the individual level. In
this environment, I show that after a positive investment shock, the fraction of agents
working in the goods sector increases on impact and those who start working in the
goods sector replace their service intensive consumption baskets with goods intensive
ones, and therefore the demand for goods increases more relative to the services along
the expansion, which in return results in even more agents being hired in the goods
sector. I show quantitatively that this endogenous mechanism alone can generate siz-
able amplification and persistence, even without labor-leisure choice, in contrast to the
standard models. The model also suggests an alternative resolution to what is known
as the productivity puzzle in the literature. This is because the one-to-one link between
output and productivity does not exist in the model, in contrast to the standard mod-
els. Instead, the productivity is determined by the aggregate skill distribution and how
agents are sorted between two sectors over the business cycle.
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1 Introduction

In this paper, I consider an economy in which production of each good requires a different

task to be performed and agents have heterogeneous skills over the tasks. In this envi-

ronment agents specialize in one of the tasks based on their comparative advantages1 and,

just like in Karadas (2017a), this specialization gives rise to the set of goods that an agent

contributes to its production and her consumption bundle being different. This discrepancy

induces the type of interdependencies across the population as mentioned there. However,

unlike the model in Karadas (2017a), agents can switch between the sectors over the busi-

ness cycle, so the complete specialization assumption is relaxed here. In particular, I assume

that there are different consumption bundles (or different lifestyles as referred to in Karadas

(2017a)) and agents choose one based on the type of skill they supply. Since agents might

end up supplying different skills over the business cycle, under the stated assumption, they

change their consumption bundles as well, which in return gives rise to an endogenous vari-

ation in the demand composition over time. In this paper, I study the contribution of this

endogenous variation in the demand composition to the propagation of economic shocks, in

addition to the mechanisms that were already at work in Karadas (2017a).

This additional mechanism that I incorporate into the model can be further motivated

by the following example. If the production of a certain good, say it is a capital intensive

good, requires more than one task to be performed, and agents are heterogeneous in their

productivity in each of these tasks, an efficiency seeking firm would seek to achieve an

optimal assignment of tasks to skills. In particular, a firm would not want to hire a high-

skill agent for a simple task that could be performed equally well by a low-skill agent, and

this is where specialization appears at the firm level. But what really matters in terms

of the business cycle is the following: in response to a negative shock, firms might find it

optimal to fire low-skill agents first, as high-skill agents can substitute for them perfectly

in most cases, as long as high-skill agents are willing to perform a wider task range, maybe

even for a slightly lower wage.2 But if the low-skill agents’ propensity to consume capital

intensive goods is higher than high skill agents, then losing one customer among the low-

1See Acemoglu and Autor (2011) for a recent survey paper on task based models.
2 In Section 4, I give an example of a simple production structure with these features.
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skill agents is more consequential in terms of the total demand for that good than losing

one from high-skill agents. Therefore, the interaction between consumption and production

sides of the economy in terms of their factor contents is at the heart of the discussion in

this paper.

In order to motivate the framework the model is set in and some of its assumptions, I will

discuss, as an example, how work and leisure decisions of different agents are in fact related

across the population. The type of interdependency that I mention above arises as soon as

leisure activities3 are modeled as commodities rather than considering leisure as a fraction

of the time endowment that agents can enjoy by doing nothing as modeled in the standard

models. For example, according to the time-use surveys, the time allocated to watching

T.V. is one of the main leisure activities (Aguiar and Hurst (2008)). But it is hard to argue

that those who watch more T.V. derive more utility compared to those who do not watch

much T.V. but instead utilize their time in different activities. Indeed, the same paper

documents that in comparison to less educated men, more educated men spend less time on

T.V., but more on other leisure activities like exercising, reading, and hobbies. Moreover,

Aguiar and Hurst (2016), after showing that lower skilled individuals increased their leisure

time between 1985 and 2003 while higher skilled individuals lowered their leisure time, they

conclude: The increase in leisure inequality has matched the well-documented increase in

income and consumption inequality during the last 30 years documented by many in the

literature.

Figure 1 depicts the total weekly leisure choices by educational attainment and gender

over the last three decades. The figure shows that both for men and women the total

leisure time taken decreases as the level of education rises.4 It is hard to rationalize these

patterns observed in the data if leisure is assumed to be a normal good just as any other

consumption good. Otherwise, higher skilled individuals, who have had less time for doing

nothing over the last 30 years, could simply imitate the lifestyle of lower skilled individuals.

However, they do not and their lifestyle would be considered as more desirable.5 Therefore,

3Leisure activities include time spent watching television, socializing, going to the movies, playing video
games, exercising, and sleeping (see Aguiar and Hurst (2016)).

4The figure also shows that the gap between the total leisure time taken by high and low skilled individuals
has significantly increased over the last thirty years.

5For lower skilled agents imitating the lifestyle of higher skilled individuals simply might not be feasible.
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Figure 1: Leisure by Years of Education (YoE). Source: Comprised from Aguiar and Hurst
(2007), Table V.

I deemphasize the choice between work and leisure. Instead, I consider chosen consumption

bundles and work decisions as pairs that are jointly revealed in the data as an outcome

of some rational preferences over the set of feasible pairs which, I assume, are determined

outside the model. In the previous T.V. example, I consider watching more T.V. as a

revealed preference outcome given the feasible alternatives and usually it is more common

among the lower skilled people for whom better options are not feasible.

In order to see how work-leisure decisions are interdependent in the model, let us look

at what might happen after a positive technology shock: higher skilled individuals become

more productive and they are inclined to buy more time-saving goods (like eating out or

hiring a dog walker, etc.) to be able to work more in the saved time and buy higher intensity
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leisure activities (going to a Broadway show rather than going to the cinema or watching

T.V. at home). Since other agents are specialized in the production of these time-saving jobs

or higher intensity leisure activities, demand for their labor increases as well, even though

the technology shock had no immediate impact on their productivity in the jobs that they

are specialized in. In the model, this mechanism actively contributes to the propagation of

the economic shocks. 6

Going back to the work-leisure choice discussion, in many cases, once an occupation/role

is taken, there is not much flexibility to adjust the time spent at work. Think of someone who

is about to decide between an academic job versus working in finance. These two professions

offer two very different lifestyles, but the agent knows this at the time of decision and once

she chooses her profession she just fulfills her typical expected role in that lifestyle. Of

course, in the same job, different people might end up with different amounts of time spent

at work, but since we are interested in averages across consumers with similar characteristics

these heterogeneities wash out within the group.

In summary, in this framework, the decision between working time and leisure is not as

central as in the standard models. Instead, agents are modeled as if they chose a lifestyle

given their skill endowments and then in response to the exogenous shocks, they adjust

their lifestyle (consumption behavior in the model) as much as possible under the relevant

economic constraints.

The model features a novel amplification mechanism that arises as a result of the com-

bined effects of the differential factor contents of the goods consumed by different agents

as well as the preference structure imposed. In particular, I assume that agents prioritize

increasing the fraction of basic goods in their consumption bundles up to a certain level,

and then the propensity to spend on market produced services increases, so the preferences

are non-homothetic. The opposite is true for higher skilled individuals; their consumption

bundles already contain a satisfactory level of goods so they expand their consumption to-

wards services faster. Now since goods and services have different capital intensities, this

preference structure gives rise to an endogenous variation in the average capital intensity

6Also note that, this mechanism might be particularly important in capturing the movements in the labor
market at the extensive margin over the business cycle, which has been considered to be more important
(see Hansen (1985)) compared to adjustments at the intensive margin.
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of the goods consumed over the business cycle. Since the capital stock is the main driver

and the only stock variable in the model, an endogenous variation in the average capital

intensity of the goods consumed has first order effects on the statistical properties of the

model. I show that under the maintained assumptions the model exhibits significant gains

in terms of persistence and amplification of the shocks.

In the following sections, after a discussion on the way I conceptualize the consumption

side of the economy, I present a very simple model featuring some of these ingredients and

I conclude the paper with a quantitative assessment of the model.

A Discussion of Consumption Categories

As discussed in Karadas (2017a), instead of making the labor-leisure choice a central point

in the modeling, I model agents as if they choose an optimal consumption bundle under

normal circumstances as a function of their relative positions in the economy (their wage

income in my model). Of course, the set of possible consumption patterns can be specified in

many different ways but, I think in terms of its relevance to the business cycle research, the

following two group categorization is particularly useful in investigating interdependencies

generated by the division of labor across the population.

• Category of Goods (Cg): include all the goods that do not require someone else’s

labor service at the moment of consumption. However, they might be of various

qualities. For simplicity of the exposition in this section, assume they come only in

two versions; goods are either basic goods (Cb) or customized goods (Cc). The main

difference between these two versions of goods is their skill intensity, the latter has a

greater high-skill content.

• Category of Services (Cs ): On the other hand, goods consumed under Cs should

satisfy the following condition: they can potentially be met by the consumer them-

selves once the necessary inputs are purchased at the market, and if they are not

met by the consumer, they should require someone else’s labor service at the time of

consumption. In the former case, the consumer produces the service at home but has

to decide between the basic or customized inputs, Cb and Cc, to produce the service

goods at home (Ch). On the other hand, in the latter case the consumer purchases

6



the service from the market (Cm), which is produced by competitive firms using again

Cb and Cc and labor, in addition. For instance, consider someone who would like to

learn to play the guitar. If a computer software is purchased for that, the service is

Ch, and if a music teacher is hired the service consumed is Cm.

For simplicity, assume that only basic goods and low-skill labor are required to produce

market services Cm, which approximately corresponds to service occupations. For

example, babysitting, dining out or recreational services can be considered as examples

of Cm. However, in principle Cm might include some other input combinations as well.

For example, any kind of non-compulsory educational service should be considered as

a market service in this categorization, and be counted under Cm.

In summary, consumers derive utility from goods (Cg) and services (Cs) according to a

consumption aggregate

Ct = C(Cgt, Cst),

and in return both Cgt and Cst have two versions:

Cgt ∈ {Cbt, Cct}, Cst ∈ {Cht, Cmt} ,

and agents can consume either the basic version of the goods (Cbt) or the customized

version (Cct). Similarly, agents choose between market produced service goods, Cmt, and

home produced service goods, Cht.

In the rest of this paper, for simplicity I assume that only one good from each category

is consumed and I will label them as goods and services, which are denoted by Cg and Cs,

respectively. I Furthermore, I assume that the consumption aggregator is Cobb-Douglas:

Ckit ≡ C
γk
igtC

1−γk
ist , k ∈ {L,H} , (1.0.1)

where subscript i denotes the identity of an agent and k her type.

Note that I assume preferences of an agent depends her type, i.e. whether she is employed

as a high skill or low skill worker. In the rest of this section, I present some empirical evidence

for this assumption and provide an extended discussion on its implications in the model.
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A Digression: The Cross-sectional Consumption Pattern

The cross-sectional data clearly shows that the expenditure shares of goods and services

vary across the population at a point in time: as the income level increases, consumption

bundles contain more varieties and a higher fraction of services purchased at the market

(see Chai, Rohde and Silber (2015)).7

However, this cross-sectional variability of consumption bundles should not to be con-

fused with preference heterogeneity because it is a preference pattern that arises mostly due

to the income and wealth inequality. In order to develop some motivation for the assump-

tion I make in this paper, let us use the same consumption aggregator above Ct ≡ CγgtC
1−γ
st .

Also in instead of assuming fixed expenditure shares of goods and services as implied by

Cobb-Douglas preferences, suppose that there is a cross-sectional preference pattern such

that agents approximately move along the same pattern as their income rises. For example,

suppose that the share of expenditure on goods is given by the following time-invariant

function

γ = γ(y) ,

where y is income of the agent. In other words, an agent with income y spends γ(y) fraction

of her total consumption expenditures on goods, and 1− γ(y) on services. This assumption

also entails that agents just adopt the consumption bundles of higher income agents as their

income increases.8 As an example, consider the following functional form

γ(y) = ae−by, a ∈ (0, 1), y ∈ [0,∞), (1.0.2)

where the lowest income level is normalized to 0. According to this invariant population

preference distribution, the expenditure share of goods is a for the lowest income agent,

and ae−by for the highest income agent as shown in the figure below. If the level of income

of the highest type rises, say from y to y′, then the expenditure share of goods decreases

7Chai, Rohde and Silber (2015) list three stylized facts in their survey paper: (i) At low income levels,
spending diversity is low as food expenditure dominates spending, (ii) As household income grows, spending
diversity increases via reductions in the budget share of food spending and increases in non-food expenditure.
(iii) Individual household spending becomes more diversified as income rises.

8Alternatively, the population preference distribution can be modeled as a function of the agent’s rank
in terms of their income.
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from ae−by to ae−by
′
. Similarly, other agents move towards the right depending on their

new income levels.

y

0 y y′

a

1−

ae−by

Figure 2: Cross-sectional Consumption Pattern

In this framework, once a preference distribution is specified then the average factor

content of demand can be easily calculated. For example, for a the preference distribution

γ(y) the average share of expenditure on goods can be calculated as follows

γ(y) =

∫ y

0
γ(y)f(y)dy,

where f(y) denotes the income distribution. This expression, in return, can be used to

approximate how the factor content of aggregate demand varies as the society becomes

more affluent. For instance, under a reasonable parametrization of the income distribution

and the exponential specification above for γ(y), it can be shown that the average share of

expenditure on goods out of total expenditures decreases as the income level increases, i.e.

∂γ/∂y < 0.

Assuming a time invariant cross-sectional consumption pattern γ(y) is akin to having

non-homothetic preferences in the model as I did in Karadas (2017a) by using the following

Stone-Geary preferences,

Ct ≡
(
Cgt − Cg

)γ (
Cst − Cs

)1−γ
.

If agents are heterogenous in terms of their income, Stone-Geary preferences also induce
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income dependent expenditure shares across the population at a certain point in time.

However, it is hard to obtain a target or empirically observed pattern of cross sectional

expenditure distribution under these preferences as the realized expenditure shares depend

on prices which are in turn endogenous to the model.

In terms of general equilibrium thinking, this assumption should cause no trouble since

in a business cycle model, the main concern should be to replicate the main aggregate

statistics and eventually provide some predictions for the course of aggregate variables, not

to track the evolution of the exact consumption bundles of agents over the business cycle.

I claim that imposing such an empirically robust discipline in multi-sector business cycle

models can only increase their applicability. Methodologically this paper can be considered

as an attempt to incorporate a significant amount of heterogeneity into the model without

rendering it intractable. Using a time-invariant preference structure simplifies the analysis

in the following sense: since the agents simply move along a time-invariant curve, we only

need to keep track of the measure of agents who push the current frontier of the consumption

bundle further and the measure of agents who moved forward from the bottom part of the

preference distribution. The difference between the measures of these two groups gives a

good idea about the total change in the factor content of goods and services consumed as

the economy transits from one point to another.

Finally, to describe the preferences of an agent with income y a slightly more general

form can also be assumed:

Ct ≡ [γ(Cgt)
ε + (1− γ)(Cst)

ε]
1
ε ,

where γ = γ(y) is income dependent consumption share that agents take as a parameter.

In this formulation, ε can be interpreted as the measurement error incurred in calculating

the expenditure shares for agents with income y. Under this interpretation Cobb-Douglas

specification assumes no measurement error.
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2 Model

In the model, there is a continuum of measure one agents s ∈ [0, 1] who have homogenous

skills in producing services but have heterogenous skill endowments in the goods production,

and agents are sorted into one of the sectors according to their comparative advantage. On

the production side, there are two representative firms producing basic goods9 and services,

respectively. In the next three sections, after describing the problem of households and

firms, I define an equilibrium for the economy.

Households’ Problem

Each household s ∈ [0, 1] is endowed with a vector of efficiency units as a low and high

skill worker,10 denoted by e`(s) and eh(s), respectively. Workers have the same efficiency

units (normalized to unity) at performing low skill jobs, i.e. e`(s) = 1, ∀s. However, agents

have heterogeneous skills in performing high skill jobs. Since this is the only heterogene-

ity among the agents, I will use the same letter to denote the agent’s efficiency units in

goods production, i.e. s equal the worker’s skill in high skill jobs, measured in efficiency

units. I assume that skills s are distributed according to a density function f(s) across the

population.

Each period agents self-select into which skill they would like to supply given wages for

low and high skill jobs. Each worker supplies one unit of labor inelastically to the task

offering the highest income level given her endowment, s. An agent i who chooses to work

in job j, j ∈ {L,H}, receives wjt for each efficiency unit. As usual in models with efficiency

units labor income increases in proportion to efficiency units supplied at the equilibrium

wage, which, in this model, will be wjtejt(i), where ejt(i) is agent i’s efficiency units in job

(task) j, and wjt is the equilibrium wage for one efficiency unit in job j at time t.

Aggregate capital stock, Kt, is owned by the households. Therefore, agent i also makes a

saving plan by renting capital, kit, to the firm at the rental price Rt, and capital depreciates

at the rate δ. The initial endowment of the individual i is denoted by ki0. I assume that

agents are symmetric in terms of ownership rights.

9 I use the terms basic goods and goods interchangably in the paper unless there is a risk of confusion.
10In task-based approach these skills alternatively labeled manual, rotuine, abstract, etc. See Acemoglu

and Autor (2011).
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I assume that markets are complete. In particular, an agent can insure herself against

aggregate uncertainty by trading state contingent claims, {bit(θ)}θ∈Θ, where Θ denotes the

set of all possible states. The claim of type θ ∈ Θ costs qt(θ) in period t and entitles the

buyer one unit of basic goods Cg in period t + 1 if the state θ ∈ Θ is realized and zero

otherwise.

Consumer i derives utility from goods (Cigt) and services (Cist) according to Cobb-

Douglas consumption aggregate:

Ckit ≡ C
γk
igtC

1−γk
ist , k ∈ {L,H} .

Note that I assume preferences of an agent depends whether he is employed as a high or

low skill labor.

Finally, I assume that agents supply labor inelastically and have the following utility

function

U(Cigt, Cist) =
1

1− σ
C1−σ
it ,

where σ > 0.

Household i ∈ [0, 1] seeks to maximize the expected sum of momentary utilities U(Cit),

discounted at the rate β by choosing a path for consumption vector {Cit}∞t=0, capital

{kit}∞t=1, capacity utilization {ut}∞t=1 and securities {bit}∞t=1 :

max
{Cit,Iit,ut,{bit(θ)}θ∈Θ}∞t=0

E0

∞∑
t=0

βt
C1−σ
it

1− σ
, (σ > 0) (2.0.3)

subject to

(i)Cigt + PstCist + Ii,t +

∫
Θ
qt(θ)bi,t+1(θ)dθ (2.0.4)

= (utkit)Rt + wjtejt(i) + bit(θt),

(ii) ki,t+1 = (1− δ(ut))ki,t + Ii,tq
I
t (2.0.5)

(iii)wjtejt(i) = max{w`t, whteht(i)} (2.0.6)

(iv) given ki0 and bi0. (2.0.7)
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where I use the normalization Pgt = 1 and Cit = (Cigt, Cist) is time t consumption vector

of goods and services, respectively. The condition wjtejt(i) = max{w`t, whteht(i)} ensures

that consumers self-select into the occupations optimally given the prevailing wages and

their efficiency units in each job.

Note that the model assumes variable capacity utilization and there is an aggregate

uncertainty about the technological shift variable qIt in the model. I again follow the frame-

work in Greenwood, Hercowitz and Huffman (1988) in modeling the investment as I did in

Karadas (2017a), so I do not repeat that part here.

Firms’ Problem

On the production side, there are two representative firms producing basic goods (Ygt) and

service goods (Yst). Each firm solves the usual static problems that I outline briefly in this

section.

Production of basic goods requires capital and high skill labor and therefore the repre-

sentative firm that produces (basic) goods, Ygt, solves the following problem:

max
K̃t,Ht

AgtK̃
1−αg
t H

αg
t −RtK̃t − whtHt , (2.0.8)

where K̃ is the capital services rented by the firm and Ht is the total high skill labor

measured in efficiency units.

First order conditions of the firm’s problem:

Rt(utKt) = (1− αg)Ygt (2.0.9)

whtNht = αgYgt , (2.0.10)

where the equilibrium condition for capital K̃t = utKt is already incorporated.

On the other hand, the production of services requires basic goods and low skill labor

to produce output and consequently the representative firm that produces service goods,

Yst, solves:

max
Xst,Lt

PstAstX
1−αs
t Lαst −Xt − w`tLt (2.0.11)
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and the first order conditions of this problem determines the demand for (basic) goods Xt

and the wage rate for low-skill labor:

Xt = (1− αs)PstYst (2.0.12)

w`tLt = αsPstYst (2.0.13)

Equilibrium

An equilibrium for this economy can be defined as follows: agents and firms solve their

respective problems as stated in the previous section and market clearing conditions hold

in each market:

• The market clearing conditions for Goods and Service sectors

Ygt = Cgt + It +Xt ,

Yst = Cst ,

where

Cgt = mtChgt + (1−mt)C`gt

Cst = mtChst + (1−mt)C`st ,

mt is the measure of agents working in high skill jobs in period t.

• Labor market clearing conditions:

Lt =

∫ st

0
e`(s)f(s) ds

Ht =

∫ ∞
st

eh(s)f(s) ds ,

• The law of motion for capital:

Kt+1 = (1− δ(ut))Kt + Itq
I
t

Kt =

∫
i∈[0,1]

ki,t di ,

14



s0

−λ

λe−λst

st

f(s) = λe−λs

Cut-off Skill Level

High SkillLow Skill High SkillLow Skill

Figure 3: Skill Distribution

Definition of GDP and Productivity

I define the GDP as the total gross value of consumption and investment expressed in terms

of (basic) goods:

Yt = Ct + It ,

where Ct = Cgt + PtCst is the total consumption.

I define the labor productivity of sector, say A, in terms of efficiency units employed in

the production:

Labor Productivity =
Total Output of Sector A

Total Labor Employed in Sector A (in Efficiency Units)

Planner’s Problem

For simplicity, I assume that efficiency units (skills) are distributed exponentially on the

interval [0,∞] with the density function f(s) = λe−λs. This assumption together with the

condition wjtejt(i) = max{w`t, whteht(i)} in the consumer’s problem guarantees that there

is a cut-off skill level st such that agents with skill below st take low skill jobs and the

rest work as high skill workers. With this particular functional form the measure (actually

proportion 11) of high skill agents is mt = e−λst (see Figure 3).

11Think of the CDF of f , F (s) = 1− e−λs. Workers with s ≥ st take high skill jobs, which is of measure
e−λst .
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Note that for a given cut-off skill level, the allocation of total labor between basic

goods and service sector is uniquely determined and consequently the existence of a unique

equilibrium is guaranteed for each period under the standard assumptions. This observation

also suggests that instead of studying this economy, I can focus on a simpler problem in

which a social planner determines the cut-off skill level optimally, given the preference

distribution in the population and the stochastic structure of the economy.

The planner’s problem is to find a pair of welfare weights {λ`, λh} and a sequence of

contingency plans {C`gt, C`st} for L-type workers and {Chgt, Chst} for H-type workers and

for aggregate allocations {Kt, Xst, ut} such that the sum of individual utilities that are

weighted by the corresponding welfare weights is maximized:

max
{{Cigt,Cist}i∈{`,h},Xst,Kt+1,ut,st}∞t=0

E0

∞∑
t=0

βt
{
λ`mt U`(·) + λh(1−mt)Uh(·)

}
+µ1,t [Ygt − Cgt −Xst − It]

+µ2,t [Yst − Cst]

+µ3,t [Cgt −mtChgt − (1−mt)C`gt]

+µ4,t [Cst −mtChst − (1−mt)C`st]

+µ5,t [Kt+1 − (1− δ(ut))Kt − It]

where

Ygt = Agt
[
utKt

]1−αg[Ht

]αg
Yst = AstX

1−αs
st Lαst

Lt =

∫ st

0
f(s) ds

Ht =

∫ ∞
st

eh(s)f(s) ds ,

and mt = 1−F (st) is the measure of high skill agents and δ(ut) = (1/τ)uτt is an increasing,

convex function with τ > 1.

Note that once the threshold skill level st is chosen, labor is uniquely allocated between

the two sectors and also the resulting measure mt of high skill agents determine the demand
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for each good.

In Appendix, I obtain expressions for Lt and Ht in terms of the parameter of the

skill distribution λ and the cut off skill level st. Using these expressions and after a few

substitutions the problem becomes:

max
{{Cigt,Cist}i∈{`,h},Xst,Kt+1,ut,st}∞t=0

E0

∞∑
t=0

βt
{
λhmtUh(Chgt, Chst) + λ`(1−mt)U`(C`gt, C`st)

+µ1,t

[
Ygt −mtChgt − (1−mt)C`gt

−Xst −Kt+1/qt + [1− δ(ut)]Kt/qt

]
+µ2,t [Yst −mtChst − (1−mt)C`st]

}
,

where

Ygt = Agt
[
utKt

]1−αg [ 1

λ
(1 + λst)e

−λst
]αg

Yst = Ast(qtXst)
1−αs

[
θ`(1− e−λst)

]αs
mt = e−λst

δ(ut) = (1/τ)uτt , τ > 1 .

The first order conditions (for an interior optimum) are:

Chgt : λhγhC
1−σ
ht C−1

hgt = µ1t

Chst : λh (1− γh) C1−σ
ht C−1

hst = µ2t

C`gt : λ`γ`C
1−σ
`t C−1

`gt = µ1t

C`st : λ` (1− γ`) C1−σ
`t C−1

`st = µ2t

Xst : µ1t = µ2t (1− αs)YstX−1
t

ut :
δ′(ut)

qt
Kt = (1− αg)Ygt u−1

t

Kt+1 :
1

qt
= β Et

(
µ1,t+1

µ1,t

)(
(1− αg)

Yg,t+1

Kt+1
+

1− δ(ut+1)

qt+1

)
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and the optimality condition for the cut-off skill level st is

st : 0 = λhm
′
tUh(Chgt, Chst)− λ`m

′
tU`(C`gt, C`st)

+ µ1,t

[
αgYgtH

−1
t H

′
t −m

′
t (Chgt − C`gt)

]
+ µ2,t

[
αsYstL

−1
t L

′
t −m

′
t (Chst − C`st)

]
,

where m
′
t denotes dmt/dst, and similarly with the other variables.

In Appendix, I show that the optimality conditions can be reduced to the following

system:

γh
1− γh

Chst
Chgt

=
1

Pst
(2.0.14)

γ`
1− γ`

C`st
C`gt

=
1

Pst
(2.0.15)

ΦP
(γh−γ`)(1−σ)
st =

(
Chgt
C`gt

)σ
(2.0.16)

Xst = (1− αs)Yst Pst (2.0.17)

Ktu
τ
t = qt(1− αg)Ygt , (2.0.18)

the cut-off equation:

σγ−1
h Chgt + (1− σ)αgYgt

[
λste

λst

1 + λst

]
(2.0.19)

= σγ−1
` C`gt + (1− σ)PstαsYst

[
1

1− e−λst

]
(σ 6= 1)

and Euler equation:

P
(γh−1)(1−σ)
st C−σhgt (2.0.20)

= qtβ Et P
(γh−1)(1−σ)
s,t+1 C−σhg,t+1

(
(1− αg)

Yg,t+1

Kt+1
+

1− δ(ut+1)

qt+1

)
,

where 1
Pst

= µ1t

µ2t
.

Equations (2.0.14) - (2.0.20), together with the resource constraints characterize the

Pareto solution.
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3 Quantitative Experiments

In this section, I first characterize the steady state of the economy and then run a series of

experiments to asses the performance of the model under different scenarios.

Steady State

In Appendix, I show that steady state of the economy is characterized in 11 variables

(Chg, Chs, C`g, C`s, u,K,Xs, Yg, Ys, Ps, s) by the following 11 equations:

γh
1− γh

Chs
Chg

=
1

Ps
(3.0.21)

γ`
1− γ`

C`s
C`g

=
1

Ps
(3.0.22)

ΦP (γh−γ`)(1−σ)
s =

(
Chg
C`g

)σ
(3.0.23)

Xs = (1− αs)PsYs (3.0.24)

uτ = (1− αg)YgK−1, (3.0.25)

1/β =

(
(1− αg)

Yg
K

+ 1− δ(u)

)
(3.0.26)

Yg = e−λsChg + (1− e−λs)C`g +Xs + δ(u)K (3.0.27)

Ys = e−λsChs + (1− e−λs)C`s (3.0.28)

Yg = Ag
[
uK
]1−αg [ 1

λ
(1 + λs)e−λs

]αg
(3.0.29)

Ys = As(Xs)
1−αs

[
θ`(1− e−λs)

]αs
(3.0.30)

and steady state condition for cut-off equation:

σγ−1
h Chg + (1− σ)αgYg

[
λste

λs

1 + λs

]
(3.0.31)

= σγ−1
` C`g + (1− σ)PsαsYs

[
1

1− e−λs

]
(σ 6= 1)
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Stochastic Structure

In addition to the investment shock qIt , I assume that there is another shock effecting the

skill distribution parameter λ. I also assume that the parameter of the skill distribution

follows an AR(1) process

λt = (1− ρλ)λ+ ρλλt−1 − qXt ,

where λ is the steady state value of the parameter and qIt is the skill shock.

With this specification a positive shock (qXt > 0) leads to a flatter distribution, i.e. an

increase in efficiency units across the population at varying degrees. Figure 4 depicts an

example for the evolution of the skill distribution after a positive skill shock. In the figure,

the curve attached to the parameter value λ0 denotes the steady state skill distribution and

after the shock the distribution initially shifts down (denoted by the thick dashed lines) and

then gradually moves back to its steady state position.

Figure 4: Evolution of A Positive Skill Shock
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I assume that the shocks (qIt , q
X
t ) are jointly driven by the following stochastic process12

 qIt
qXt

 =

ρI 0

χ ρX

qIt−1

qXt−1

+

 νIt
νXt

+

 1

aX

 ηt , |ρI |, |ρX | < 1 ,

where aX is a scaling factor.

I also assume that νt = [νIt ν
X
t ]′ is a vector white noise process, with the properties

E(νt) = 0 for all t E(νtν
′
s) =


Ω s = t

0 s 6= t

where is the Ω covariance matrix that is assumed to be given by

Ω =

σ2
I 0

0 σ2
X

 .

Thus the ν’s are both serially and contemporaneously uncorrelated.

The stochastic process also has another innovation term νt affecting both investment

and skill shocks. I included this additional term just to obtain IRFs to a common shock,

rather than IRFs from only the investment or the labor productivity shock separately. In

the experiments below, I turn this innovation off unless I am interested specifically in IRFs.

The assumption that the investment and the skill shocks (qIt , q
X
t ) are driven jointly by

the same stochastic process has an intuitive interpretation. When a new technology arrives

(an investment shock), initially there is an intensive experimentation around it, either to

find the best practice of implementing the technology or to apply the core ideas in different

fields.13 This experimentation stage creates an additional demand for the high skill labor

which in terms of the skill distribution given in Figure 4 can be represented as a rightward

shift. But then some of the tasks that were being performed by higher skilled agents

12 Stationary conditions follow from the analysis of the characteristic equation corresponding to the
coefficient matrix: ∣∣∣∣ρI − λ 0

χ ρX − λ

∣∣∣∣ = 0 .

The characteristic equation clearly have two solutions λ1 = ρI and λ2 = ρX , and the stationary of the VAR
requires |ρI |, |ρX | < 1 as stated above.

13See, for example, Jovanovic and Rousseau (2005).
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previously will have to be performed by lower skill agents, so the cut off skill level st will

move to the left. Over time, the experimentation stage reaches maturity and some of the

ideas get embodied in the capital stock (can be interpreted as automation), and therefore

the whole experimentation process starts to work in the reverse direction until the economy

reaches its initial position again. But note that, this initial position (or the steady state of

the economy) should be interpreted in relative terms here; the skill distribution is relative

to the embodied technology and an agent’s position in the distribution is relative to the

whole skill distribution.

Results

To test the performance of the model I consider the following scenario that was also used

in Karadas (2017a): high skill agents work in the capital intensive sector (αg < αs) and

consume capital intensive goods relatively more as well (γh > γ`). However, note that

utility functions are different than the ones in Karadas (2017a); in the latter an agent had

the same preferences over the business cycle but the utility functions were non-homothetic,

on the other hand, in this paper agents switches between two utility functions depending

on whether they work as low or high skill worker. But a similar interpretation goes through

in this case as well. Capital (technology) embodies ideas so it is desirable, and higher skill

agents work in more capital intensive (sophisticated) jobs and their consumption baskets

contain more of these goods. When agents previously working in the service sector switch to

work as high skill workers in goods (capital) sector, their consumption baskets changes in a

way that low skill agents simply imitate high skill agents’ consumption behavior as soon as

they start working in goods sector. Therefore, the resulting variation in the average factor

content of goods is not due to non-homotheticity as was the case in Karadas (2017a), but

rather due to the endogenous mobility between the sectors following the technology shock.

For the parameter values, I follow the following procedure. I first choose a set of pa-

rameter values for αg, αs, γh and γ` to the scenario above and then scaling the factor for

the service sector As is adjusted to ensure that the fraction of high skill agents is 0.5 in the

steady state.14 Finally, parameter values for the capacity utilization (τ) and the measure

14 This fraction does not need to be 0.5, but for a meaningful comparison among different cases the
measure of high skill agents should be kept the same in the steady state.
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of EIS (1/σ) are borrowed from GHH.

To determine the parameter values of the stochastic process I followed a procedure

similar to the one in GHH: After matching the key macroeconomic ratios, I adjust the

parameter values of the stochastic process (σI , σX , ρλ, χ) to match the standard deviation

and the persistency of output in the data. The parameter values and the resulting macro

ratios are presented in Table 1.

σ 2.00 σI 0.02 C/Y 0.80
β 0.96 σX 0.009 I/Y 0.20
γ` 0.30 σν 0.00 K/Y 1.98
γh 0.80 ρI 0.00 Xs/Y 0.08
αg 0.60 ρX 0.00 Yg/Y 0.70
αs 0.80 ρλ 0.60 PsYs/Y 0.38
τ 1.42 aX 0.00 Uh/U` 1.18
λ 0.30 χ 0.50 m 0.50
λh 0.50 As 1.80

Table 1: Paramater Values and Ratios

Table 2 presents the moments of the model. For convenience I also report the corre-

sponding table from GHH paper together with the US data as reported in their paper to

compare with my results.

USA GHH Model

Std AR Corr Std AR Corr Std AR Corr

Output 3.50 0.66 1.00 3.50 0.66 1.00 3.50 0.66 1.00
Consumption 2.20 0.72 0.74 2.20 0.94 0.79 2.34 0.79 0.50
Investment 10.5 0.25 0.68 11.6 0.50 0.90 15.5 0.38 0.85
Hours 2.10 0.39 0.81 2.20 0.66 1.00 3.61 0.60 0.95
Productivity 2.20 0.77 0.82 1.30 0.66 1.00 1.13 0.84 0.07
Capital − − − 5.60 0.99 0.52 5.46 0.98 0.68
Utilization − − − 6.00 0.52 0.61 5.04 0.42 0.42

Table 2: Moments

First, note that the model captures the persistence of consumption in the data much
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Figure 5: Impulse Response Functions

better than GHH. Persistencies of other variables are very comparable to GHH.

GHH measures the amplification in their model by the ratio of the standard deviation

of the innovation to the standard deviation of output, σν/σY . In their model, this ratio is

5.15/3.5 = 1.47 and the corresponding ratio in my model is 2.0/3.5 = 0.57, so this model

generates significant amplification compare to the GHH model.

Note that the innovation term νIt affects both the investment shock qI and the evolution

of the skill distribution parameter (qX) through the correlation parameter χ. My computa-

tions show that the contribution of the skill shock qX is much more important. Therefore,

the present model suggests that the labor productivity shocks might be the main drivers of

business cycles rather than the investment shocks as in GHH.

One of the main challenges for RBC models is that they cannot match the very low

co-movement (even slightly negative) between productivity and output in data. But the

model presented here can generate very low (almost zero) co-movement between produc-

tivity and output. The reason for this is that over the expansion workers with increasingly

fewer efficiency units as high skill labor start working in the goods production sector, which

directly translates into low productivity. This is a well-known narrative, but hard to incor-

porate into the standard models. The model presented here works just as in this narrative.
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Impulse response functions for the labor productivity that is presented in Figure 5 supports

this common narrative that I have just mentioned.

These results suggest that performance of the model is very comparable to standard

models even though it does not include any work-leisure trade-off, which is one of the main

mechanisms in the standard models. In these models, what stops an agent working more

is the foregoing utility from leisure. But this mechanism does not exist here, instead, an

agent’s position in the skill distribution determines whether she can work more, which can

be interpreted in this model as whether the agent can switch to the goods sector.

The model also allows some other interesting numerical exercises. In the rest of this

section, I briefly present the results of two such exercises.

For example, two economies that are different only in terms of their skill distributions

can be compared in terms of the characteristics of their business cycles. The results of such

an exercise are reported in Table 3. The results show that an economy with a flatter skill

distribution (λ = 0.25) exhibits more volatility and persistence overall in comparison to an

economy with λ = 0.30.

Model (λ = 0.25) Model (λ = 0.30)

Std AR Corr Std AR Corr

Output 4.14 0.69 1.00 3.52 0.68 1.00
Consumption 2.67 0.83 0.55 2.34 0.79 0.50
Investment 17.10 0.41 0.86 15.54 0.38 0.85
Hours 4.50 0.60 0.95 3.61 0.60 0.95
Productivity 1.37 0.79 -0.10 1.13 0.84 0.07
Capital 6.27 0.98 0.68 5.46 0.98 0.68
Utilization 5.68 0.46 0.42 5.04 0.42 0.42

Table 3: Moments - Two Economies with Different Skill Distributions

As an another exercise, I study how the gap between the preference parameters of high

and low skill agents affect the results. For this exercise suppose that in the first economy

preference parameters are given as γ` = 0.4 and γh = 0.6, while in the second economy they

are given as γ` = 0.3 and γh = 0.6, and furthermore suppose that in both economies factor

intensities are given as αg = 0.8 and αs = 0.6. The results, given in Table 4, show that

the economy on the right in the table which has a wider preference gap, fluctuates slightly
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more in response to a technology shock.

Model (γ` = 0.4, γh = 0.6) Model (γ` = 0.3, γh = 0.8)

Std AR Corr Std AR Corr

Output 3.90 0.65 1.00 4.05 0.66 1.00
Consumption 2.47 0.84 0.65 2.54 0.38 0.83
Investment 27.1 0.37 0.83 29.54 0.38 0.83
Hours 3.47 0.58 0.98 3.63 0.58 0.98
Productivity 0.84 0.96 0.59 0.86 0.97 0.67
Capital 6.27 0.97 0.67 9.43 0.97 0.67
Utilization 6.69 0.65 0.13 5.99 0.64 0.15

Table 4: Moments - Two Economies with Different Preference Gaps

4 Conclusions

In this paper, I studied a simple model in which agents are sorted into two different sectors

based on their comparative advantage in the goods sector, and the economy is subject to a

pair of shocks to its technology and skill distribution. The model shows that after a positive

shock, the fraction of agents working in the goods sector first increases and then gradually

drops down after a while. Since those agents who start working in the goods sector replace

their service intensive consumption baskets with goods intensive consumption baskets, the

demand for goods increases more relative to the service goods along the expansion, which

in return results in even more agents being hired in the goods sector. We show that this en-

dogenous mechanism alone can generate sizable amplification and persistence, even without

labor-leisure choice, in contrast to the standard models.

All the results are based on the exercises that I carried out basically to test whether the

model can yield reasonable moments under some plausible scenarios and to see how they

compare to the results from a standard model. However, I have not followed a rigorous

calibration procedure when I determined the parameter values for the stochastic process.

Although, the results seem to be robust to alternative specifications, more work is needed
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to carry the model to the data.

Another point that I would like to emphasize is that the model does not claim to be

a micro-founded model. The economy is described from the perspective of a modeler (or

econometrician) who observes certain patterns in the data and would like to incorporate

them into the model as behavioral rules. Therefore, it can be considered as an econometric

model with a story behind it, which return imposes some structural relations on the en-

dogenous variables of the model (mostly through the market clearing and the assumptions

on the production functions) and the modeler’s story is not explosive in the sense that the

story covers the whole time period from the moment of the initial shock until the economy

eventually reaches its steady state again.

The model proposed is wide open for further development. For example, this model can

be extended to include a multidimensional skill distribution in a straightforward manner.

As an example, for a two-dimensional skill distribution the following set up can be used:

each i ∈ [0, 1] is endowed with a vector of efficiency units as a high, middle and low

skilled worker, denoted by eh(i), em(i) and e`(i), respectively. Furthermore, assume that

each individual is endowed with a general skill level e(i) as well. Consequently, the vector

ξ(i) = (e(i), e`(i), em(i), eh(i)) ∈ Θ×ΘL×ΘM×ΘH completely describes i’s skill endowment.

Now, if we assume that the general skill level is correlated with the other skills, then there

will still be a cut-off rule as in this model.

Finally, I would like to point out that the model can be interpreted and modified as

a firm-entry model in which the factor content of demand varies endogenously over the

business cycle. For this, consider an endogenous entry model as in Bilbiie, Ghironi and

Melitz (2012) in a two sector framework as in this paper. Furthermore, suppose that

entering the goods market requires one unit of high-skill labor (sunk-cost) and as soon as

an individual starts working as a high-skill worker his consumption basket changes as well.

This model would be similar to the one presented in this paper in terms the core mechanism

at work. I leave this extension for a future research.
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Appendix

A Simple Example of Division of Labor

Consider a production process that requires a certain number of tasks to be performed

in order to generate one unit of output. Let us assume there is a continuum of tasks x

normalized from 0 to y, that is the production process starts at 0 and generates 1 unit of

output when it reaches the point y. Also I assume that tasks are ordered in a descending

fashion in terms of difficulty, starting from the most difficult one towards easier tasks.

Suppose that there are two types of labor, high-skill (H) and low-skill (L), that can perform

any task x ∈ [0, y], but at different productivities. In particular, I assume that H can process

tasks at a rate denoted by fh(x), x ∈ [0, y]. For example, it takes
∫ z

0 fh(x) dx units of time

to progress until task z, starting from the beginning (x = 0). Similarly, low-skill labor have

a productivity function denoted by fl(x).

x

x = 0

(Start)

x = y

(Finish)

z =?

−

fh(x) = e−λh
f`(x) = ae−λ`

The firm’s problem is to allocate tasks to different types of labor in order to minimize

total labor cost. Since more difficult tasks are at the beginning of the production process,

these are to be allocated to the high-skill labor; say tasks between 0 and z are performed

by H-types, and from z to y, by L-types. Then, the firm’s problem is:

Q(y) = min
z

{
wh

∫ z

0
fh(x) dx+ wh

∫ y

z
fl(x) dx

}
(∗)

where wh and wl are the wage rates of H-, and L-types, respectively, expressed in per unit of

time. Here, y is a measure of the size (or scale) of the production, and Q(y) is the minimum
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cost of producing 1 unit of output for a firm of size y.

For simplicity, I assume that the productivity functions take the exponential form:

fh(x) = e−x and fh(x) = ae−λx ,

where I normalize the coefficients of the productivity function for H-types, but I leave two

free parameters for the L-types so that both absolute and comparative advantage can arise

depending the parameters a and λ.

The first order condition of (∗) with respect to z:15

whe
−z − aw`e−λz = 0,

and solving for z gives the threshold task:

z =
1

1− λ
ln

(
wh
aw`

)
.

Putting z back into the cost function Q(y) gives

Q(y) =
(
wh +

aw`
λ
e−λy

)
−
(

1 + λ

λ

)
w

1− 1
1−λ

h w
1

1−λ
`

And, from Shepard’s lemma, we can derive the demand for high and low skilled labor:

Dh = 1 +

(
1 + λ

1− λ

)(
wh
aw`

)− 1
1−λ

and

D` =
a

λ
e−λy +

1

λ

(
1 + λ

1− λ

)(
wh
aw`

)1− 1
1−λ

Note that the size of the firm appears only in the demand function of low-skilled labor, and

as the size of the firm increases benefits of employing the high-skilled labor goes down, and

as a result the fraction of the less-skilled labor rises in total employment. Interestingly, these

15Note that with the exponential productivity function the expression in (∗) becomes

Q(y) = min
z

{
wh
(
1− e−z

)
+
aw`
λ

(
e−yλ − e−zλ

)}
(∗∗) ,

and this equation also reveals how this problem can be expressed as the weighted sum (convolution) of two
exponential random variables.
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labor demand functions are very similar to the one obtained from Cobb-Douglas production

functions.

Expressions for Lt and Ht

First note that under with the exponential distribution the labor market clearing conditions

become

Lt =

∫ st

0
e`(s)f(s) ds =

∫ st

0
θ`f(s) ds

= θ`

∫ st

0
λe−λs ds

= θ`(1− e−λst)

and

Ht =

∫ ∞
st

eh(s)f(s) ds =

∫ ∞
st

sf(s) ds

=

∫ ∞
st

λs e−λs ds

=
1

λ
(1 + λst)e

−λst

Derivation of the First Order Conditions

The first order conditions (for an interior optimum) are:

Chgt : λhγhC
1−σ
ht C−1

hgt = µ1t (4.0.32)

Chst : λh (1− γh) C1−σ
ht C−1

hst = µ2t (4.0.33)

C`gt : λ`γ`C
1−σ
`t C−1

`gt = µ1t (4.0.34)

(4.0.35)

30



C`st : λ` (1− γ`)C1−σ
`t = µ2tC`st (4.0.36)

Xst : µ1t = µ2t (1− αs)YstX−1
t (4.0.37)

ut :
δ′(ut)

qt
Kt = (1− αg)Ygt u−1

t (4.0.38)

Kt+1 :
1

qt
= βEt

(
µ1,t+1

µ1,t

)(
(1− αg)Yg,t+1

Kt+1
+

1− δ(ut+1)

qt+1

)
(4.0.39)

and the optimality condition for the cut-off skill level st is

st : 0 = λhm
′
tUh(Chgt, Chst)− λ`m

′
tU`(C`gt, C`st) (4.0.40)

+ µ1,t

[
αgYgtH

−1
t H

′
t −m

′
t (Chgt − C`gt)

]
(4.0.41)

+ µ2,t

[
αsYstL

−1
t L

′
t −m

′
t (Chst − C`st)

]
, (4.0.42)

where m
′
t denotes dmt/dst, and similarly with the other variables.

Rearranging the FOCs, we obtain the following relationships

(4.0.32)/(4.0.33) :
γh

1− γh
Chst
Chgt

=
µ1t

µ2t

(4.0.34)/(4.0.36) :
γ`

1− γ`
C`st
C`gt

=
µ1t

µ2t

(4.0.32) = (4.0.34): λhγhC
1−σ
ht C−1

hgt = λ`γ`C
1−σ
`t C−1

`gt

(4.0.37) :
µ1t

µ2t
= (1− αs)YstX−1

t

(4.0.38) : uτt = qt(1− αg)YgtK−1
t

(4.0.39) :
1

qt
= βEt

(
µ1,t+1

µ1,t

)(
(1− αg)

Yg,t+1

Kt+1
+

1− δ(ut+1)

qt+1

)

and

0 = λhUh(Chgt, Chst)µ
−1
1,t − λ`U`(C`gt, C`st)µ

−1
1,t

+

[
αgYgtH

−1
t H

′
t(m

′
t)
−1 − (Chgt − C`gt)

]
+
µ2t

µ1t

[
αsYstL

−1
t L

′
t(m

′
t)
−1 − (Chst − C`st)

]
.
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Define 1
Pst

= µ1t

µ2t
and note that

µ1t = λh (γh) C1−σ
ht C−1

hgt

= λh (γh)

[(
Chst
Chgt

)1−γh
Chgt

]1−σ

C−1
hgt

= λh (γh)

[(
1− γh
γh

)1−γh ( 1

Pst

)1−γh
Chgt

]1−σ

C−1
hgt

= λh (γh)
[
γ̃hγ

−1
h P γh−1

st Chgt

]1−σ
C−1
hgt

= λhγ
σ
h γ̃

1−σ
h P

(γh−1)(1−σ)
st C−σhgt , γ̃h = γγhh (1− γh)(1−γh) .

Similarly,

µ1t = λ`γ
σ
` γ̃

1−σ
` P

(γ`−1)(1−σ)
st C−σ`gt , γ̃` = γγ`` (1− γ`)(1−γ`) .

Therefore, we can rewrite the third condition as

λhγ
σ
h γ̃

1−σ
h P

(γh−1)(1−σ)
st C−σhgt = λ`γ

σ
` γ̃

1−σ
` P

(γ`−1)(1−σ)
st C−σ`gt

ΦP
(γh−1)(1−σ)
st C−σhgt = P

(γ`−1)(1−σ)
st C−σ`gt

ΦP
(γh−γ`)(1−σ)
st C−σhgt = C−σ`gt

ΦP
(γh−γ`)(1−σ)
st =

(
Chgt
C`gt

)σ
where

Φ =
λhγ

σ
h γ̃

1−σ
h

λ`γ
σ
` γ̃

1−σ
`
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0 =λhUh(Chgt, Chst)µ
−1
1,t − λ`U`(C`gt, C`st)µ

−1
1,t

+

[
αgYgtH

−1
t H

′
t(m

′
t)
−1 − (Chgt − C`gt)

]
+ Pst

[
αsYstL

−1
t L

′
t(m

′
t)
−1 − (Chst − C`st)

]
=λh

1

1− σ
C1−σ
ht λ−1

h γ−1
h C−1+σ

ht Chgt − λ`U`(C`gt, C`st)µ−1
1,t

+

[
αgYgtH

−1
t H

′
t(m

′
t)
−1 − (Chgt − C`gt)

]
+ Pst

[
αsYstL

−1
t L

′
t(m

′
t)
−1 − (Chst − C`st)

]
=

1

1− σ

[
γ−1
h Chgt − γ−1

` C`gt

]
+

[
αgYgtH

−1
t H

′
t(m

′
t)
−1 − (Chgt − C`gt)

]
+ Pst

[
αsYstL

−1
t L

′
t(m

′
t)
−1 − (Chst − C`st)

]
=

1

1− σ

[
γ−1
h Chgt − (1− σ)

[
Chgt + PstChst

]]
+ αgYgtH

−1
t H

′
t(m

′
t)
−1

− 1

1− σ

[
γ−1
` C`gt − (1− σ)

[
C`gt + PstC`st

]]
+ PstαsYstL

−1
t L

′
t(m

′
t)
−1

=
1

1− σ
[
σγ−1

h Chgt
]

+ αgYgtH
−1
t H

′
t(m

′
t)
−1

− 1

1− σ
[
σγ−1

` C`gt
]

+ PstαsYstL
−1
t L

′
t(m

′
t)
−1

Recall that mt = e−λst to compute m
′
t = −λe−λst and other relevant expressions

Lt = θ`(1− e−λst) L
′
t = θ`λe

−λst L
′
t(m

′
t)
−1 = −θ` L−1

t L
′
t(m

′
t)
−1 =

−1

1− e−λst

Ht =
1

λ
(1 + λst)e

−λst H
′
t = −λste−λst H

′
t(m

′
t)
−1 = st H−1

t H
′
t(m

′
t)
−1 =

λste
λst

1 + λst

Hence, we find

σγ−1
h Chgt + (1− σ)αgYgt

[
λste

λst

1 + λst

]
= σγ−1

` C`gt + (1− σ)PstαsYst

[
1

1− e−λst

]
(σ 6= 1)
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Now we can rewrite the FOCs as

γh
1− γh

Chst
Chgt

=
1

Pst
(4.0.43)

γ`
1− γ`

C`st
C`gt

=
1

Pst
(4.0.44)

ΦP
(γh−γ`)(1−σ)
st =

(
Chgt
C`gt

)σ
(4.0.45)

Xst = (1− αs)Yst Pst (4.0.46)

Ktu
τ
t = qt(1− αg)Ygt (4.0.47)

cut-off equation as

σγ−1
h Chgt + (1− σ)αgYgt

[
λste

λst

1 + λst

]
(4.0.48)

= σγ−1
` C`gt + (1− σ)PstαsYst

[
1

1− e−λst

]
(σ 6= 1)

and Euler equation as

P
(γh−1)(1−σ)
st C−σhgt (4.0.49)

= qtβ Et P
(γh−1)(1−σ)
s,t+1 C−σhg,t+1

(
(1− αg)

Yg,t+1

Kt+1
+

1− δ(ut+1)

qt+1

)
.

Equations (4.0.43) - (4.0.49), together with the resource constraints characterize the

Pareto solution.
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