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Ch. 11 - Simple

Regression Overview of Linear Models

Overview

An equation can be fit to show the best linear relationship between
two variables:
Y = 0o+ /X
where
» Y is the dependent variable and
» X is the independent variable
> [ is the Y-intercept

> [ is the slope
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resin | east Squares Regression

G » Estimates for coefficients By and (1 are found using a Least
Squares Regression technique.

> The least-squares regression line, based on sample data, is
¥y = bo + bi1x
where b; is the slope of the line and by is the y-intercept term:

_ Cov(x,y) Y by = 7 — byx

by
52 Sx

> Regression analysis is used to:
> Predict the value of a dependent variable based on the value of
at least one independent variable
> Explain the impact of changes in an independent variable on the
dependent variable
» Dependent variable: the variable we wish to explain (also called
the endogenous variable)

» Independent variable: the variable used to explain the dependent
variable (also called the exogenous variable)
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Linear Model

» The relationship between X and Y is described by a linear
function

» Changes in Y are assumed to be influenced by changes in X

> Linear regression population equation model

yi = Po+ Bixi +¢€i

Where 3y and B; are the population model coefficients and ¢; is
a random error term.
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Simple Linear Regression
Linear Model MOdG'

|The population regression model: |

i Random
Population glc;pl.;lanon Independent Error
Y intercept P s Variable term
Coefficient
Dependent |
Variable —__ x ) Y 7
yl BO B1 | [
|- ~— _—_ | ——
Linear component Random Error

component
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Linear Model

» The true relationship form is linear (Y is a linear function of X,
plus random error)

» The error terms, ; are independent of the x values

» The error terms ¢; are random variables with mean 0 and
constant variance, o2:

E(e))=0 and Var(e;) = E(?) = 02

(the uniform variance property is called homoscedasticity)

» The random error terms, ¢;, are not correlated with one another,
so that
E(eiej) =0, foralli#j
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AR » If we had all population data (blue spots below) we could
compute the By and 3
» And this would be the best model we could hope to work with...

Linear Model

Population Regression Line

L4

Observed value Y.
of Y for x; ‘

Predicted value 17
of Y for x, l

Intercept = By

Y; =po + p1Xi

All population data is used
to obtain this fit (here 11
pairs  of  observation
constitute the population )

X
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Regression » Even in this case our population regression line, Y;, would not
match all the observations, Y;.

» For each X;, the model prediction, SA’, contains some error, &;,

tinear Model and therefore we have Y; = Y; +¢;
» But this is due to the linear structure of the model that we

imposed.

» A much more serious problem is that in practice we never have
the population data!

Y

Observed value Y,
of Y for x; !

Predicted value A,
of Y for x; Y,

Intercept = By

Yi=Bo+p1X; +¢

Y; =¥ +g

Error for this x; value

Y; = Bo + B1X;

All population data is used
to obtain this fit (here 11
pairs  of  observation
constitute the population )

X



e > In another words, in practice, we do not observe all of the blue
points in the figure.
> Instead, suppose that we decided to work with a sample of size 4
tinear Model and a random sample turned out to be the green points in the
figure below
> A linear fit just taking into account these four points is also
depicted in the figure

Sample Regression Line

Only one sample is used to
obtain this fit. Here, those 4
green  points E)a\rs [
observation) constitute the
sample, n=4.

Error for this x; value

C Ki=jire S
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» Note that the population regression line Y:, and the sample
regression line y; are different.

Linear Model

Population and Sample Regression
Lines

Y; = Bo+P1X;

Error for this x; value

X _ X
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Population and
Regression Lines

Y; = Bo + B1X;

Linear Model

$i =bo +b1x; \
& &
. /
Vi : ®
/ Only one sample is used to
Yi obtaln this_fit. Here these 4

oints pairs of
observa n2 conslltute the
sample, n=

i X




g » The population regression line is unique, i.e. By and [ are fixed,
but unobserved
» On the other hand, we can compute the coefficients, by and by,
e Dbl in the sample regression line, but they can change from sample
to sample
» Therefore, in the regression analysis, we will study
> based on the sample results, by and b1, what we can say about
the unobserved population parameters Sy and (51
> and potential problems that we might encounter

Population and two Sample
Regression Lines

Y; = Bo+B1X;
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Simple Linear Regression
Linear Model Eq Uatlon

The simple linear regression equation provides an
estimate of the population regression line

Estimated Estimate of Estimate of the
(or predicted) the regression  regression slope
y value for intercept
observation i \ /
Value of x for

iz X Z observation i
Y; =bg + b1xiT

The individual random error terms e; have a mean of zero

e =(Y,-¥)=Y,-(b, +b1xi)|
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Coefficient

poemclent » by and by are obtained by finding the values of by and b; that
minimize the sum of the squared residuals (errors), SSE:

n
min SSE = minZei2

i=1

= min Z(y —

= m|nz bo+b1X,))

» Differential calculus is used to obtain the coefficient estimators
by and b; that minimize SSE to obtain:



Ch. 11 - Simple

s | east Squares Coefficient Estimators

Costhicient » The slope coefficient estimator is

Estimators

n

S0 gy s

2
> (x = X)? * >

where s2 = Y (x; — X)?/(n — 1) is the sample variance for X,

n
i=1
similarly for syz, and r is the correlation coefficient between X
and Y.

» And the intercept estimator is

by =y — bix
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Coefficient The coefficients by and by , and other regression results in this

Estimators

>

>
>
>

chapter, will be found using a computer because

Hand calculations are tedious
Statistical routines are built into Excel
Other statistical analysis software can be used

You are not expected to remember the formulas for by and by,
but developing an intuitive understanding for the expressions is
important and expected.

For example, why Cov(x, y) appears in the numerator and s2 in
the denominator of the expression for b;?

The regression line always goes through the mean (X,¥), why?

Also, note that in order to compute by, first we need to compute
by.
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e |nterpretation of the Slope and the Intercept

Coefficient
Estimators

> by is the estimated average value of y when the value of x is zero
if x =0 is in the range of observed x values, otherwise in most
cases it can be interpreted as average effect of factors other than
X.

> b is the estimated change in the average value of y as a result
of a one-unit change in x.
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Simple Linear Regression
Example

Coefficient
Estimators

= A real estate agent wishes to examine the
relationship between the selling price of a home
and its size (measured in square feet)

= A random sample of 10 houses is selected
= Dependent variable (Y) = house price in $1000s
» Independent variable (X) = square feet

1

/o N,
= i )
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Coefficient
Estimators

Sample Data for
House Price Model

House Price in $1000s

Square Feet

(¥) X)
245 1400
312 1600
279 1700
308 1875
199 1100
219 1550
405 2350
324 2450
319 1425
255 1700
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Overview
Linear Model

Coefficient
Estimators
Explanatory
Power of the

Model

Statistical
Inference

Prediction

House price model: scatter plot

House Price ($1000s)

1500

Square Feet

/oY
G (i L)

0

g
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Regression Using Excel

Coefficient
Estimators

= Excel will be used to generate the coefficients and
measures of goodness of fit for regression

= Data / Data Analysis / Regression

+Test: Twe-Sample Azmng
[2-Test: T Sample for Means
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Regression
Overview
Linear Model I I
- Regression Using Excel
Coefficient
Estimators . i (Conﬁnued)
o = Data / Data Analysis / Regression
Power of the
Model .égj—“‘“” N N
- Hame  Inset  Pagelayout  Form View  Adddns s a N
Statistica 3y by o T gy o o Provide desired input:
: e P 21
Prediction i c:(ma;;ll;;a Connediant [=1
3 o o |
A L] c o E F
e |
HloulePlic! Square Feet
n $1000s ) Data Analysis
1 L] [F——
2 245 1400 F-Test Two-Samgle for Wariances
3 32 1600
4 27 1700
5 308 1876 I B I~ Reshuiots
; ;:: :;:g [ StandwdoedResckals |~ LpeFPlts
s 406 2360 (b
] 324 2450
10 319 1428
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Overvie:

Excel Output

Coefficient

Estimators

Explanatory A B C D | E F | G

r of the 1 SUMMARY OUTPUT
el 2

3 Regression Statistics
4 Multiple R 0.762113713

Prediction 5 RSquare 0.580817312
6 Adjusted R Square 0.528419476
7 Standard Error 41.33032365
8 Observations 10
9
10 ANOVA
1 df 55 MS F Significance F
12 Regression 1 18934.9348 18934.9348  11.0848 0.01039
13 |Residual 8 13665.5652  1708.1957
14 Total 9 32600.5

el
Coefficients “gtandard Error t Stat P-value  Lower95%  Upper 95%
Intercept 98.24833 58.03348 1.69296 0.12892 -35.57711 232.07377
Square Feet (X} 0.10977 0.03297 3.32938 0.01029 0.03274 0.18580

&

/o N
Gz il el
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Regression
Coefficient p
Estimators (Coni'inued)
Regressfon Statistics
Multiple R ozez1 The regression equation is:
R Square 0.58082 ——
Adjusted R Square 052842 |house price = 98.24833 +0.10977 (square feet)
Standard Error 41.33032
Observations 10
ANOVA
df 55 Ms F Significance F
Regression 1 18934.9348 18934.9348  11.0848 0.01039
Residual 13665.5652 1708.1957
Total 9 32600.5000
Coemcfenls\\g tandard Error t Stat P-value Lower 95% Upper 95%
Intercept 98.24833 58.03348 1.69296  0.12892 -35.57720 232.07386
Square Feet 0.10977 0.03297 3.32938  0.01039 0.03374 0.18580

|

/0N
Gz i Ll
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Graphical Presentation

Coefficient
Estimators

= House price model: scatter plot and
regression line

450
__ 400 .

R X
5222 iy ° k Slope
g

B tH " |=0.10977

L]
e 5’0/
Intercept 9/.

=08.248 0 500 1000 1500 2000 2500 3000
Square Feet

o I G
ol house price = 98.24833 + 0.10977 (square feet)
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Interpretation of the
Intercept, b,

Coefficient
Estimators

house price =/98.24833]+ 0.10977 (square feet)

= b, is the estimated average value of Y when the
value of X is zero (if X = 0 is in the range of
observed X values)

= Here, no houses had 0 square feet, so|b, = 98.24833
just indicates that, for houses within the range of

sizes observed, $98,248.33 is the portion of the
house price not explained by square feet e

2] i) L)
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Interpretation of the
Slope Coefficient, b,

Coefficient
Estimators

house price = 98.24833 +/0.10977 (square feet)

= b, measures the estimated change in the
average value of Y as a result of a one-
unit change in X

= Here|b, = .10977|tells us that the average value of a

house increases by .10977($1000) = $109.77, on
average, for each additional one square foot of size
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reeon Explanatory Power of a Linear Regression Equation
/ Analysis of Variance

Question: How can we asses performance of the house model?

A good model should give a satisfactory answer to the following
STIEEY. question: What is your best guess for the price of a randomly chosen
Hode house in the city?

» Without a model. Since we already have the price data for n
houses in the city, {y1,...,yn}, our best would be .

» If it turns out that actual price of the house is y;, our
(prediction) error would be
= y; —y (crude prediction error)

» With a model. Our prediction would be y; = by + b1 x;, where
X; is the size of the house that is assumed to be known.

» And therefore our prediction error would be
= y; — ¥; (sophisticated prediction error)

» Therefore, we can asses performance of the model by looking at
how much the sophisticated error improves the initial crude
prediction error.
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vi-v) =(y- 57!) + (5}1 -y ) (error decomposition)

o Y :
Model y . Unexplained
i Total variation 3
variation \ (v - 5’1)
I
vi-y) Explained

S’i / variation
(Yi-y)
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SSE = 3(y;- V)2
SST = 3(y;- v )*= ~
Explanatory Y
mv;irl of the y . Unexplained
; T variation 5}
variation \ (v;- 5’1)
1
(yi—=v) Explained
R variation
(Yi=v)




Ch. 11 - Simple
Regression

Explanatory
Power of the
Model

= Total variation is made up of two parts:

SST

= SSR +

SSE

Total Sum of Regression Sum Error (residual)
Squares of Squares Sum of Squares
SST-Y (v -y’ [SSR=X0:-vF| [SSE=S(y,-¥.’
where:

y = Average value of the dependent variable

y, = Observed values of the dependent variable
9‘ = Predicted value of y for the given x; value
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Analysis of Variance

Explanatory
Power of the

Model s SST = total sum of squares

= Measures the variation of the y, values around their
mean, y

= SSR = regression sum of squares

» Explained variation attributable to the linear
relationship between x and y

s SSE = error sum of squares

= Variation attributable to factors other than the linear
relationship between x and y
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Explanatory
Power of the
Model

Coefficient of Determination, R2

The coefficient of determination is the portion of the total
variation in the dependent variable that is explained by variation
in the independent variable

The coefficient of determination is also called R-squared and is
denoted as R?

SSR  Regression Sum of Squares

R? = =
SST Total Sum of Squares

Note that
0<R*<1

For a linear regression model with only one independent variable,
we also have
r2 — R2



Ch. 11 - Simple
Regression

Examples of Approximate

R?2 Values
Explanatory
I’\D/Io(\:;eerl of the Y
“‘.\.“ o
Perfect linear relationship
X between X and Y:
R2 = 1 0] - - -
Y 100% of the variation in Y is
M.J.’. explained by variation in X
X

R2=1
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Examples of Approximate

R? Values
Explanatory
Power of the
Model
0<RZ<1
000 o
[ 2P Weaker linear relationships
; between X and Y:

Some but not all of the
variation in Y is explained
by variation in X
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Examples of Approximate
R?2 Values

Explanatory
Power of the
Model

R2=0

o, 0 No linear relationship

—.—.—.—.— between X and Y:
® g0 @

The value of Y does not

Rz=p X depend on X. (None of the
variation in Y is explained
by variation in X)
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Explanatory
Power of the
Model

Excel Output

Regression Statistics

R? _ SSR _18934.9348

=0.58082

~ SST 32600.5000

Standard Error 41.33032

Observations 10

58.08% of the variation in
house prices is explained by
variation in square feet

i df [ss] Ms F Ssignificance F
IM'—I—'IM 18934.9348  11.0848 0.01038
Residual 8 13665.5652 1708.1957
32600.5000
Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 98.24833 58.03348 1.69296  0.12892 -35.57720  232.07386
Square Feet 0.10977 0.03297 3.32938  0.01039 0.03374 0.18580

&Rl
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Let us start with a summary of what we have done so far:

» We can think of the population regression line, Y, = Bo + P1 X,
as the best fit we could potentially obtain.

» However, since we do not have the whole population data we do
not know 3y and (31 in practice.

Statistical

Inference » Therefore, we work with a sample instead, and we can compute
the corresponding sample regression coefficients, by and by, as
estimates of the population regression coefficients 5y and f:

b0—>ﬁ0 and bl —)51

» However, as we change the sample, fitted sample regression line
changes as well (compare the coefficients by and by for the green
and pink samples).

» Depending the sample, sometimes we over-predict the population
slope (b1 > (1, green sample) or under-predict (by < f1, pink
sample).



C“;;:;,;Zl;"‘e » The situation is quite similar to the case when tried to make

inference about the unobserved population mean, y, based on

the sample mean, X: X — pu

» Just like X, here by and b; are random variables: they are
formulas/expressions in terms of the sample data.Therefore, we
can talk about the distributions of by and by, their expected
values, and variances.

ratistica » We were able to construct confidence interval for 1 and do
hypothesis testing based on X only after we worked out the
distribution of X. For example, when the population is normal,
we said
X ~ N(u, 0% /n)

» Therefore, in order to able to make some inference for By and 1,
we need to determine how by and b; are distributed. For
example,

E(by) =?, Var(b)=?, by~ N(,:) ?

v

| will focus on the distribution of by, the other case is similar.



eearesaon » The distribution of by critically depends on our assumptions

regarding the population error terms ¢;'s
> Recall that we made the following assumptions on ¢;’s:

E(g)=0 (errors cancel out on average)
Var(e;) = 0® (errors have the same variance)
E(eiej) =0  (errors are independent)

Statistical
Inference

> Together these three (actually just 1 and 3 are enough)
assumptions ensures that b; will be equal to 51 on average, i.e.

E(b1) = B

» What about Var(by) ?
n —
> var(by) = o3, = 3" (b1 — Bi)2/(n— 1)
i=1
> o3, depends on two things:
> Var(e;) = o?
> s)2<, variance of x;'s.
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There is another way to think about ¢; terms:

» Suppose that actually the relationship between X and Y is
perfectly linear as given by the population regression line

yi = Bo + Bixi

Statistical
Inference

» However, we are unable to measure y; with exact precision,
instead what we observe is actually y; + ¢;

» When we pass ¢; to the other side, we obtain the population
regression model that we have been working with

Yi = Bo + Bixi +&;

(here writing —e; or € does not make any difference since
E(ei) = 0)

» Therefore, this interpretation allows us think as if: for a given x;,
first find Sy + B1x;, then add a random measurement term ¢; to
obtain the true y; as y; = By + S1xi + €.
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Assume:
£~ N(O,()’Z)

Statistical OH—/ 23 E
@ .

Inference

y3=BoHB1x3+&;3 Bo + Bixs




Ch;;jgl,;sf}l,";”'e Main Question: How does a change in the variance of measurement
error, 02, effect 07,7

Suppose now
variance Is higher: o> T
£~ N(U_.(Jz)

Statistical
Inference




Ch. 11 - Simple
Regression

Suppose now
variance is higher: &~

£ ~ N(O__az)

Statistical
Inference

0 X
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Regression > The sample regression line fit for the new green sample shown

below

Statistical \

Inference




Gt > The sample regression lines fit for the new and old green samples
shown together below
» Note that it is steeper = b, is larger compare to the previous
case (before increasing o)

Statistical - -
Inference
\
\
\
\
\
\
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Regression » The sample regression line fit for the new pink sample shown

below
Statistical
Inference

Y, & ®
e ©
/ .
@ e Yi=bo+bix;
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pE——— » The sample regression lines fit for the new and old pink samples

shown together below

» Note that it is flatter = b; is smaller compare to the previous
case (before increasing o2)

Statistical
Inference

Vi=bg+bx; b

X
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Regression . . .« . .
higher the variance of the slope coefficient of the sample regression:

2 2
oot = op 1

Statistical
Inference
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reesin  [Dependence on Sx

Suppose that the variance of the independent variable is now higher :

Statistical n-—1

Inference Y

=
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Suppose now that the variance of the independent variable is higher :

2 Z(X*’_})z ?

sy =
X
n—1

Statistical Y

Inference

|
X
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Suppose now that the variance of the independent variable is higher :

2 Z(X*’_})z 'F

Sy =

n—1

Statistical Y

Inference

yi |-—@-

|
X



Ch. 11 - Simple Result 2: The higher the variance of the independent variable, the
Regression . . .« . .
- higher the variance of the slope coefficient of the sample regression:

2 2
SxT — Ubl\l/

Statistical \
Inference ©

> |
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Regression

o2 = ail T  and s)2< =1 Uil d

> In fact, it can be shown that the exact formula for o7, is

2 o’

Op = —— %
Statistical ' (n - 1)5)2(
Inference

> Finally, we have found an expression for o} !
But unfortunately, it contains an unobserved population
parameter, o2, the variance of population error terms.

» Now, all we need to do is to find a good estimator for o2.

» Since 02 is the variance of the population error terms &;, we
should first try the variance of sample error terms g;:

2
e s

s2 = = (some sources also use 52)
n—2 n-—2

(Division by n — 2 instead of n — 1 is because two parameters, by
and by, need to be estimated.)
> s, is called the standard error of the estimate
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Statistical
Inference

We shall use s? as an estimator for 02 to obtain an estimator for

2
Op, as

2

Se

Spo=
" (n-1sy

This is the estimator for the variance of the regression slope
coefficient b;.

From a particular sample data, this estimator sp (s, ) gives us
an estimate of the variance (standard deviation) of the regression
slope term.
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Inference with b;

Statistical

Inference » E(b1) =
> sp — op = Var(by)
> R =t

when either
> gy N(Ov )
> nis large enough

Inference with X
» E(X) =1

» s%/n— o2/n = Var(X)
X—p _
s/vn -1
when either
> Xi ~ N(0,-)
> nis large enough
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Excel Output
Regression Statistics
Multiple R 0.76211 Se = 41 33032
Statistical R Square 0.58082
Inference

Adjus
Standard Error

842
41.33032

Observations 10
ANOVA
df 55 M5 F Significance F

Regression 1 18934.9348 18934.9348  11.0848 0.01038
Residual 8 13665.5652 1708.1957
Total 9 32600.5000

Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 98.24833 58.03348 1.69296  0.12892 -35.57720  232.07386
Square Feet 0.10977 0.03297 3.32938  0.01039 0.03374 0.18580

/o Nl
22 1 ),
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Comparing Standard Errors

S, is @ measure of the variation of observed y
values from the regression line

Statistical
Inference

smals] X o] X

The magnitude of s, should always be judged relative to the size
of the y values in the sample data

i.e., s, = $41.33K is moderately small relative to house prices in
the $200 - $300K range
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Regression
Regression Statistics
Multiple R 0.76211
Statistical R Square 0.58082
Inference Adjusted R Square 0.52842
Standard Error 41.33032 P
pess sy, =0.03297
servations 10
ANOVA
df 55 M5 F Significance F
Regression 1 18934.9348 18934.9348  11.0848 0.01038
Residual 8 13665.5652 1708.1957
Total 9 32600.5000
Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 98.24833 58.03348 1.69296  0.12892 -35.57720  232.07386
Square Feet 0.10977 | 0.03297 -| 3.32938  0.01039 0.03374 0.18580

/o Nl
&)
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Comparing Standard Errors of
the Slope

Sp, Is @ measure of the variation in the slope of regression
Stz lines from different possible samples

Inference

s, X gew) X

Y
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Inference about the slope: t Test

» We can use t-test for claims regarding the population slope in
the same way we did in chapter 9.

> For example, suppose we would like to test whether 8; = (5
> Null and alternative hypotheses:
Statistical

Inference > Ho:p1= Bf
> Ho:B1# By
» Test statistic:
> t,,,zz% [df =n—2]
» Decision Rule:

> Reject if [ty—2| > ty_5 a/2

» Of course, we can address one-sided tests too:

Ho:p1>pf or Ho:p1<pf

» In these cases, the test statistic remains the same but the
decision rule will have to be modified as we discussed in Ch
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resin A special t-Test: Test of Significance

» For B =0, t-test is called the significance test for the slope
coefficient, and Hy and H; have a natural meaning:
> Null and alternative hypotheses:
S > Ho : 1 =0 : no linear relationship between X and Y.
Inference > Hi: 1 # 0: a linear relationship does exist between X and Y.

> Test statistic:
by —0 b
> tpp= 20 =2 [df =n—2]
» Decision Rule:
> Reject if [ta—2| > ty_2 /2

» Note: t-stats that are presented in the regression output by
default are only for the case Hy : 51 = 0, i.e. they are test
statistics for the significance test. If you would like to test
something else as we discussed in the previous slide, you need to
compute the corresponding t-statistic first.
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Regression

Inference about the Slope:

Hlouse Price e e
Statistical in $1000s x)
Inference {y)
245 1400
312 1600
279 1700
308 1875
199 1100
219 1550
405 2350
324 2450
319 1425
255 1700

t Test

(continued)
Estimated Regression Equation:

—_—
house price = 98.25 + 0.1098 (sq.ft.)

The slope of this model is 0.1098

Does square footage of the house
significantly affect its sales price?

G 0 L)
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Regression

Inferences about the Slope:
t Test Example

Statistical Hy: By =0 From Excel output: ! '

H1I 81 =0 Coefficients dard Error f t Stat P-value

Intercept 98.24833 58. 03341 1.69296 | 0.12892

Square Feet ¢ 0.10977 | ¢ 0.03207) 3.32038)) 0.01039

o

= 3.32938

b, -0 0.10977 -0
' s, 003297
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Regression

Inferences about the Slope:
t Test Example

Test Statistic: t; = 3.329

(continued)

mED

Statistica Hy: By =0 From Excel output:
H1: B.] =0 Coefficients dard Error j tStat | P-value
Intercept 98.24833 58.0334¢ | 1 sszsg’ 0.12892
df.=10-2=8 Square Feet | (0.10077 ] ¢ 0.03287) 3.32038)) 0.01039
1,025 = 2.3060
Decision:
al2=.025 al2=.025 Reject H,
Conclusion:

| ] A

Reject H, Ibo not reject H, I Rejdct H,
tosan 0 thoan

There is sufficient evidence
that square footage affects

-2.3060 2.3060 {3329 | house price
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Regression
Inferences about the Slope:
t Test Example
(continued)
P-value = 0.01039
Dratitical Hy: B4=0 From Excel output:
H.]: 81 =0 Coefficients | Standard Error t Stat lP—value
Intercept 98.24833 58.03348 | 1.69296 i0.12892
Square Feet 0.10977 0.03297 | 3.32938 @1039
This is a two-tail test, so Decision: P-value <a so
the p-value is Reject H,
P(t>3.329)+P(t < -3.329) Conclusion:
=0.01039 There is sufficient evidence
(for 8 d.f.) that square footage affects

house price
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Regression

Confidence Interval Estimate
for the Slope

Confidence Interval Estimate of the Slope:

Statistical
Inference

‘b1_tn—2,m’28b, < By < b, +tn—2,af25b1‘

df.=n-2
Excel Printout for House Prices:
Coefficients | Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 98.24833 58.03348 1.69296 0.128%2 -35.57720 232.07386
Sguare Feet ( 0.10977 0.03297 3.32938 0.01039 ( 0.03374 ( 0.18580

At 95% level of confidence, the confidence interval for
the slope is (0.0337, 0.1858)




Ch. 11 - Simple
Regression

Confidence Interval Estimate
for the Slope

(continued)

Coefficients | Standard Error t Stat P-value {__Lower 95% Upper 95% >
Statistical Intercept 98.24833 58.03348 |  1.69296 | 0.12892 -35.57720 | 232.07386
Inference Square Feet (0.10977 0.03297 3.32938 | 0.01039 (0.03374 (0.15580
s — s — s —

Since the units of the house price variable is
$1000s, we are 95% confident that the average
impact on sales price is between $33.70 and
$185.80 per square foot of house size

This 95% confidence interval does not include 0.

Conclusion: There is a significant relationship between
house price and square feet at the .05 level of significance
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ressin Hypothesis Test for Population Slope Using the F
Distribution

» F test statistic:

MSR
F o e—
p MSE
where SSR
MSR = —
k
SSE
MSE = ———
s n—k—1

k: the number of independent variables in the regression model
n: sample size

» F follows an F distribution with k numerator and (n — k — 1)
denominator degrees of freedom.
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ressin Hypothesis Test for Population Slope Using the F
Distribution

» An alternate test for the hypothesis that the slope is zero:
oy Ho : b1 =0
Hl . 61 # 0

» Use the F statistic:

MSR  SSR

MSE ~— s2
» The decision rule is

reject Ho if F > F1 p_2.4
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Regression

Statistical
Inference

Regression Statistics

Excel Output

Multiple R 0.76211 MSR 189349348
R Square 0.58082 F = = =11.0848
Adjusted R Square 0.52842 MSE 1 708 1 957 a
Standard Error 41.33032
Observations 10 With 1 and 8 degrees P-value for
of freedom the F-Test
ANOVA /'
df 55 M5 F Significance F

Regression 1 18934.9348  18934.9348  11.0848 0.01038
Residual 8 13665.5652 1708.1957
Total 9 32600.5000

Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 98.24833 58.03348 1.69296  0.12892 -35.57720  232.07386
Square Feet 0.10977 0.03297 3.32938  0.01039 0.03374 0.18580

/o Nl
22 1 ),
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F-Test for Significance

(continued)
Hy: B, =0 Test Statistic:
Hi: By #0 F-MOR _11.08
a=.05 MSE
dii=1 df,=8 Decision:
Critical Reject H, at o = 0.05
Value:
Fig00s= 5.32 )
" 7,5 Conclusion: _
: There |5_ sufficient ewd_ence _that
0 F house size affects selling price
Do not Rejecl Hc

reject H, F o5 = 5.32
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Regression P red i Ct i O n

» The regression equation can be used to predict a value for vy,
given a particular x

v

For a specified value, x,1 , the predicted value is

Yn+1 = bo + bixni1

Prediction

v

(Example Cont'd) Predict the price for a house with 2000 square
feet:

House Price = 98.25 + 0.1098(sq. ft)
= 98.25 + 0.1098(2000)
—317.85

v

The predicted price for a house with 2000 square feet is
317.85($1,000s) = $317,850
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Relevant Data Range

= When using a regression model for prediction,
only predict within the relevant range of data

Prediction

House Price ($1000s)

450
400
350
300
250
200
150

50

Relevant data range

|

|
T 1 g I
1 ® .-
1 T
I egq L1l \
| . 1
| 1
Lok ® 1
| 1 2
o Lo i Risky to try to
= I 1 extrapolate far
: . i . i . beyond the range
0 500 1000 1500 2000 2500 3000 of observed x

Square Feet values
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