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Ch. 9 -

e Concepts of Hypothesis Testing

Testin,
: » A hypothesis is a claim (assumption) about a population
parameter. Examples:
» The mean monthly cell phone bill of NYC is $52, i.e.
w=>52
» Standard deviation of SAT scores of NYU students is a
least 25, i.e. o > 25.
» The Null Hypothesis, Hp states the claim/assumption to
be tested. It is always numeric.
> In the examples above

Ho:pup=52 and Hy:0>25

Concepts

» It is always about a population parameter, not about a
sample statistics

Ho : pn =52, Hp=X<=52

» The Alternative Hypothesis, H; is the opposite of the null
hypothesis.

Hi:pu#52 and H;:0<25
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Concepts HO

>

Begin with the
assumption that the
null hypothesis is true
— Similar to the notion
of innocent until proven
guilty

Refers to the status quo

Always contains "=",
"< or ">" sign
May or may not be
rejected

Hy

Challenges the status
quo

Never contains the
" :YY , LA S” , Or " Z” sign

May or may not be
supported

Is generally the
hypothesis that the
researcher is trying to
support!



Ch. 9 -
Hypothesis
Testing

co— Hypothesis Testing Process

Claim: the

v, wmp FRRTHTE

(Null Hypothesis: Population

Hy: p=50)
Now select a
i l' random sample
Is x=20 likely if p =507

e & & o o
If not likely, Suppose -’n”n”n“n”nl
the sample

REJECT mean age Sample
Null Hypothesis is 20: X =20




H;:;(;tge;is T h e

Testing

Concepts | 2

Main ldea

Suppose you claim (or assume) that the population mean
age is 50, i.e.

Ho : pn =50
From a sample of 15, you obtained X = 20.
Also suppose that population is normally distributed with
the standard deviation 18.

Let us summarize, what we know:

X~ N(??,18%), X =20, 0=18, n=15

where X is the age of an individual member of the
population.

Does the data support your initial claim? What do you
think?
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Concepts

Some questions:

Can you determine the distribution of X ?

We know that o
X ~ N(u,182/15)

And since our data generated X = 20, this should also be
somewhere on the support of the distribution of X, so we
know at least

20

But actually as long as we do not say something about u
we can not go any further!
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» However, under different assumptions on u we know
exactly what the distribution of X would look like —

Concepts
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Concepts

Hypothesis Testing Cycle

@ u=50 _ ..ifin factthis were
If H, is true the population mean... ‘

then we
reject the
null
hypothesis =

that p = 50.

I

If this was the
true sample
dist. wouldn't it
be unlikely get
a sample mean

of this value? —
20 = u=50

P



meones Level of Significance, o

Testing

Concepts

» Level of Significance, denoted by « defines the unlikely
values of the sample static if the null hypothesis is true

> In another words, defines the rejection region of the
sampling distribution

» Typical values are 0.001, 0.05, or 0.10

> It is selected by the researcher at the beginning

» Provides the critical value(s) of the test
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Level of Significance
Concepts and the Rejection Region
Level of significance = @ <~ Represents
critical value
: Rejecti
H1' H #3 Two-tail test + 0 + I":Qjﬁ::nl?sn
shaded
Hy b < 3 /\<a
Hi:p>3 F
Upper-tail test 0o v

Hy:pz3 o
Hi:p<3 .

Lower-tail test 3 0




weeness Errors in Decision Making

Testing

Concepts

Type | Error

> is rejecting a true null
hypothesis

» Considered a serious
type of error

» The probability of Type
| Error is «

> It is equal to the level
of significance that was
set by researcher in
advance

Type Il Error

» is failing to reject a

false hypothesis

The probability of Type
Il Erroris 3

(1 — ) is called the
power of the test.

We will say more about
how we can calculate 3
and how these two type
of errors are related
later ...
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Concepts

Outcomes and Probabilities

Key:
Outcome
(Probability)

| Possible Hypothesis Test Outcomes |

Actual Situation
Decision Hy True H, False
Fail to Correct
Reject Decision Type Il Error
Ho (1-a) (B)
Reject | Type | Error Correct
Decision
Ho (a)
(1-B)

(1-0)is called the
power of the test
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Hypothesis Tests for the Mean

Testing for 1

Hypothesis

Tests for u
|

I |
o Known o Unknown
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Tests of the Mean of a Normal
Distribution (0 Known)

o is known

= Convert sample result (X) to a z value

Hypothesis

Tests for u
1

f ]
o Known o Unknown

Consider the test

Hy b =4, The decision rule is:

a

Hy i > g RejectHoif2=x;—p°>z

(Assume the population is normal) Jn
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o is known

o is unknown

Decision Rule

X Ho: 1 =1
Reject H, if z=— """

=2

: Hit p> g

5194

Alternate rule:

RejectH, if X >, +Z,0/n X
|
Do not reject Hy I Reject H,
Z 0 Z,
v a
X Ho My + 2, ——
An

Critical value X,
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p-Value

= p-value: Probability of obtaining a test
statistic more extreme ( < or = ) than the
observed sample value given H, is true

= Also called observed level of significance

= Smallest value of a for which H, can be
rejected
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p-Value Approach to Testing

o is known

= Convert sample result (e.g., X ) to test statistic (e.g., z

statistic )

= Obtain the p-value

= Foranupper |p-value= P(z>
tail test:

oJ_

,given that H, is true)

X-Hg
=P(z>—L =
( Sy | u=4,)

= Decision rule: compare the p-value to o

s If p-value < a, rejectH,

= If p-value = a, donot reject Hy
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Testing

» A phone industry manager thinks that customer monthly
o s known cell phone bill have increased, and now average over $52
per month. The company wishes to test this claim.
(Assume o = 10 is known).

> Suppose a sample is taken with following results:
X =531 and n=064
» Form the hypothesis test:

Ho : v < 52 the average is not over $52 per month
Hy : ;> 52 the average is greater than $52 per month

(i.e., sufficient evidence to support the claim)
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Example: Find Rejection Region
o is known (continued)
e = Suppose that o = .10 is chosen for this test
| Find the rejection region: | Reject H
a=.10

_

I
I Reject H,
28

I

. . —Hy
RejectH, if z= >1.28
S jn

Do not reject H,
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Example: Sample Results

(continued)

o is known

Obtain sample and compute the test statistic

Suppose a sample is taken with the following
results: n = 64, x=531 (o = 10 was assumed known)

= Using the sample results,

_ X-p, 531-52
z = -2 -0.88

Vn V64
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Example: Decision

(continued)

Reach a decision and interpret the result:

o is known
o is unknown

Reject H,

o=.10

N

; Y
I

0 1.28
|z = 0.88|

Do not reject H; since z = 0.88 < 1.28

Do not reject Hy Reject H,

i.e.: there is not sufficient evidence that the
mean bill is over $52
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Example: p-Value Solution
o e ko (continued)
o is unknown Calculate the p-value and compare to o
(assuming that u = 52.0)
. p-value =.1894
" P(x=53.1|p=52.0)
Reject H,
.10 _p( . 58.1-52.0
( 10//64 )
0 A I
Do not reject H, 1.28 Reject H, - P{Z > 088) - 1_ 81 06
Z=.88
=.1894

Do not reject H, since p-value =.1894 > a. = .10 |
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One-Tail Tests

o is known

= In many cases, the alternative hypothesis
focuses on one particular direction

This is an upper-tail test since the

He:ps3 g s

e gtiis ==> alternative hypothesis is focused on
L. : the upper tail above the mean of 3

Hy: p2 3 This is a lower-tail test since the

==> alternative hypothesis is focused on
(Hyp<3 | the lower tail below the mean of 3
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o is known

o is unknown

Upper-Tail Tests

) ‘us
There is only one Hy: p <3
critical value, since (Hip>3 |
the rejection area is
in only one tail a
|
Do not reject H, I Reject H,
z Zy
X M

I

Critical value X,
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Lower-Tail Tests
o is known [
s p— Hp:p2z3
= There is only one
critical value, since
the rejection area is
in only one tail a

|Hi:p<3 |

|
I Do not reject H,

-Z 0 7 4

(4

| u

Critical value x,

Reject H,

Xl
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o is known
s unknown

Two-Tail Tests

In some settings, the

: ] He:p=3
alternative hypothesis does _
not specify a unique direction H1: H =3 |

o/2 a/2
There are two
critical values, %
defining the two 4
regiOl'IS Of Reject HD Do not reiect HD Rejecl HD
rejection a2 0 T z
Lower Upper

critical value critical value
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Hypothesis Testing Example
7 s nina Test the claim that the true mean # of TV
sets in US homes is equal to 3.
(Assume o = 0.8)

= State the appropriate null and alternative
hypotheses

« H:p=3, H:p#3 (Thisis a two tailed test)
= Specify the desired level of significance

= Suppose that o = .05 is chosen for this test
= Choose a sample size

= Suppose a sample of size n = 100 is selected !
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Hypothesis Testing Example

(continued)

o is known

o is unknown

= Determine the appropriate technique
= 0is known so thisisa z test

= Set up the critical values
s For a = .05 the critical z values are £1.96
= Collect the data and compute the test statistic
= Suppose the sample results are
n=100, x=2.84 (o=0.8isassumed known)
So the test statistic is:

_ X-p, 284-3 -.16 [ !
A S oY _.08@

Jn J100
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o is known

o is unknown

Hypothesis Testing Example

(continued)

= Is the test statistic in the rejection region?

Reject H if
z<-1.96 or
z>1.96;
otherwise
do not
reject H,

a=.05/2 o =.05/2
Reject H, Do not reject H, RejectH,
-z=-1.96 0 +z = +1.96
Here, z 2 -2.0 £ -1.96, so the

region

test statistic’is in the rejection

4
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o is known
o is unknown

Hypothesis Testing Example

(continued)

= Reach a decision and interpret the result

a=.05/2 a=.05/2
Reject H, Do not reject H, Reject H,
-z =-1.96 0 +z = +1.96

[21]

Since z=-2.0<-1.96, we reject the null hypothesis
and conclude that there is sufficient evidence that the

mean number of TVs in US homes is not equal to 3
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Example: p-Value

o is known
o is unknown

= Example: How likely is it to see a sample mean of
2.84 (or something further from the mean, in either
direction) if the true mean is p = 3.07

X = 2.84 is translated to
azscoreofz=-2.0

P(z <-2.0)=.0228 @2 =025 “a/2=.025
P(z>2.0)=.0228 & 0228,
p-value —-‘ : | :

i T
=.0228 +.0228 = .0456 1‘—1.96 0 1.961
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Example: p-Value

(continued)

o is known

e = Compare the p-value with a
« If p-value < a, reject H,

« If p-value = o, do not reject H,

Here: p-value = .0456 w2 = 025 -
o=.05 T —
Since .0456 < .05, we | — 22> — | 228
reject the null ‘/
hypothesis | —
1-1.96 0 1.961
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Tests of the Mean of a Normal
Population (o Unknown)

o is unknown = Convert sample result (X)to a t test statistic

Hypothesis
Tests for u

[
o Known

o Unknown

Consider the test
Hy il =,
HI ‘H>Hy

(Assume the population is normal)

The decision rule is:

X —Hg

Reject H, if t= >t

n-1,.a

5o
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Tests of the Mean of a Normal
Population (o Unknown)

(continued)

o is known

o is unknown s For a two-tailed test:

Consider the test

H0 TH=H, (Assume the population is normal,
and the population variance is
H1 M= Mg unknown)

The decision rule is:

Reject Hy if [t=—=—F0 <t . lorif [t=——H0 >t

o
o
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Example: Two-Tail Test
(o Unknown)

The average cost of a
hotel room in Chicago is
said to be $168 per
night. A random sample
of 25 hotels resulted in
x =$172.50 and

s = $15.40. Test at the
o =0.05 level.

(Assume the population distribution is normal)
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Example Solution:
Two-Tail Test

o is unknown

Ho: u =168 /2=.025 w/2=.025
H;: p=168
] |
m a=0.05 Reject H, | Do not reject H, t I Reject H,
-t n-1,a/2 0 n-1.a/2
= n=25 -2.064 1.46 2.064
= o is unknown, so . _ X-p _17250-168 _.
use a tstatistic —|"" s 15.40 i
m Critical Value: vn V25
tos, 025=1 2.064 Do not reject H;: not sufficient evidence that

true mean cost is different than $168
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Power of a
Test

Assessing the Power of a Test

= Recall the possible hypothesis test outcomes:

Actual Situation

(a)

” Decision H, True H, False
ey:
Outcome Do Not Correct Decision Type Il Error
(Probability) Reject Hy (1-a) (B)
Reject H, Type | Error Correct Decision

(1-B)

= 3 denotes the probability of Type Il Error
= 1-pBis defined as the power of the test

Power = 1 — B = the probability that a false null
hypothesis is rejected
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Power of a
Test

Type Il Error

Assume the population is normal and the population
variance is known. Consider the test

Hytp=u,
H, tp>p,
The decision rule is:
: . X
RejectH, if z = oy 55 or ‘Reject Hoif X>X, =, +zccfxm‘

If the null hypothesis is false and the true mean is p*,
then the probability of type Il error is

B=P(x<X_ |p=p*)= P(z«: /\/_]
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Type Il Error Example

S = Type Il error is the probability of failing
to reject a false H,

Suppose we fail to reject Hy: p = 52
when in fact the true mean is p* = 50

50 52
Reject  _ Do not reject
Hpp=52 X; Hy: W =52
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Type Il Error Example
(continued)
Power of a
Test
= Suppose we do not reject H,: b = 52 when in fact

the true mean is p* = 50

o : | This is the range of X where
This is the true_ H, is not rejected
distribution of x if p= 50 i

N

50 52

E
Reject & Do not reject
Hyp=52 ¥ Hy:p 252

o
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Type Il Error Example

(continued)
Power of a
Test

= Suppose we do not reject H,: 1 = 52 when
in fact the true mean is p* = 50

Here, § = P(X = X, ) if p* = 50

a B
50 52
Reject Do not reject

Hiou=52 ¥ Hy:p = 52
[
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Calculating B
o o = Supposen=64,0=6,and a=.05
% =l -2 =521 645-2 f50 766
@ 0 aJﬁ 0 \/a 7

(for Hy: W = 52)

|_. ‘SoB:P(RzSO.?BG)ifH*=50|

50 50.766 52
J.

Reject | Do not reject
Hyp=52 3 Hy:p 252
¢
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Power of a
Test

Calculating B

(continued)

= Supposen=64,0=6,and a=.05

P(X = 50.766 | u* =50) = P| z zw —P(z=1.02) = 5-.3461.1539
/64
Probability of
type Il error:
a B =.1539
50 52
Reject Do not reject

Hiu=52 3% Hy:p = 52
(+]
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Power of the Test Example
o o If the true mean is p* = 50,

= The probability of Type Il Error = 8 = 0.1539
= The power of the test=1- =1 - 0.1539 = 0.8461

Actual Situation
Decision H, True H, False
Key:
QOutcome Do Not Correct Decision Type Il Error
(Probability) Reject H, 1-a=0.95 B=0.1539
: Type | Error Correct Decision
Rejacttly o =0.05 1-B =0.8461

(The value of B and the power will be different for each p*)
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Type | & Il Error Relationship

Power of a
Test

= Type | and Type Il errors can not happen at
the same time

= Type | error can only occur if H is true

= Type Il error can only occur if H, is false

If Type | error probability (o ) t then
Type Il error probability ( 3 ) l,
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Factors Affecting Type Il Error

Power of a

Test = All else equal,

s B t when the difference between
hypothesized parameter and its true value

a Btwhen (llv
. Btwhen O't

. Btwhen n l



Ch. 9 -
Hypothesis
Testing

Power of the Test

Power of a
Test

= The power of a test is the probability of rejecting
a null hypothesis that is false

= i.e., Power=P(Reject H,| H, is true)

= Power of the test increases as the sample size
increases
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Tests of the Variance of a
Normal Distribution

= Goal: Test hypotheses about the population
Testing for . 2 . 2 2
o? variance, o4 (e.g., Hy: 0= 0y%)

= [f the population is normally distributed,

) =(n—1)s2

n-1 2
g

has a chi-square distribution with (n — 1) degrees
of freedom
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Testing for
0_2

Tests of the Variance of a
Normal Distribution

The test statistic for hypothesis tests
about one population variance is

2

n-1 =

(n-1)s?

gg

(continued)
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Testing for
0_2

Decision Rules: Variance

Population variance

Lower-tail test:

Upper-tail test:

Two-tail test:

Hy: 02 = 02 Hy: 02 < 02 Ho: 02 = 02
© g2 2 - g2 2 - gl 2
Hy: o2 < gy Hi: 0% > g; Hi: 0% # 0y
o/2
N

L2
/{I‘I—I‘W—u

Reject H,, if

2 2
1(n—1 < Xn—1‘1—a

2
Xn—tu
Reject H, if

2 L2
Xn1 = Xota

2 ] 2
/{I‘I—L1—cz-'2 Hniz
Reject H, if

2 L2
or Xn—1 > /:n—ﬂ,m‘z

2 i
Xn-1 < Xn1-an2
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Review
Exercise

Review Exercise

A simple random sample of 25 filtered cigarettes is obtained,
and the tar content of each cigarette is measured. The sample
has a mean of 13.2 mg and a standard deviation of 3.7 mg. We
are interested in testing the claim that the mean tar content of
filtered cigarettes is less than 21.1 mg, which is the mean for
unfiltered cigarettes.

1.
2.

Formulate the appropriate null and alternative hypotheses.

Calculate the appropriate test statistic and conclude the
test at a = 0.057

Find the p-value?

4. Find the power of the test given that true population mean

tar content is p* = 17.98.

. Test the hypothesis that population variance is equal to 8

by constructing a 90% confidence interval.
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Testing

A simple random sample of 25 filtered cigarettes is obtained,
and the tar content of each cigarette is measured. The sample
has a mean of 13.2 mg and a standard deviation of 3.7 mg. We

peview are interested in testing the claim that the mean tar content of
filtered cigarettes is less than 21.1 mg, which is the mean for
unfiltered cigarettes.

1. Formulate the appropriate null and alternative hypotheses.
Ho:p>21.1
Hyp <211
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Exercise

Review Exercise

n=25 X=132, s=37,

2. Calculate the appropriate test statistic and conclude the

test at « = 0.057

Ho:p>21.1, Hi:p<21.1

Test statistic: trg = %/2511 = —10.68
Critical table value: ty 005 = 1.711
Decision: —10.68 < —1.711 = reject Hp.

— Filters are effective in reducing the amount of tar.
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Exercise

Review Exercise

n=25  X=132, s=37,

3. Find the p-value?

» We can not find an exact p-value from the t table

» But note that ty4,0.001 = 3.467 so even with o = 0.001 we
would reject Hy

» Therefore, p — value < 0.001.
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Review
Exercise

Review Exercise

n=25 X=132, s=37,

4. Find the power of the test given that true population mean
tar content is pu* = 17.987

> Look at the figure below first ...
» Step l:iFor what value of X, Hy would not be rejected?

Xc—

th_1 = 5 \/%L > —th—1,005 = Fail to Reject Ho
Xc—211 _

- 3TV 1.711 B

= X, =19.83 (i.e. for any X > 19.83, Hy can't be

rejected)

Step 2: What is the probability of observing X > 19.83 if
the true mean were p* = 17.897
B=P(X > X | p=p*)=7

= = P(toa > 22128) = Pt > 2.5) ~ 0.01.

= The power of the test is 1 — 3 = 99%
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This is the range of X where

H, is not rejected

a=.05

. Reject . 21.1 Do not reject
Review Hy p =211 Xp = 19.83 Hp:pz 211

Exercise

Suppose that this is
the true distribution
of x, with p=17.98

B=P(x = 19.83 | u* = 17.98)
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Review
Exercise

5. Test the hypothesis that population variance is equal to 8
by constructing a 90% confidence interval.

> Ho : 0'2 =8
Hy: 0% +#8
= 90% C.I. for o2: e9E7)° <o’ < e9E7)*

X%A&,o.os X%A,O.QS
= 90% C.I. for 0%: 9 < 0% < 23.7
it doesn’t contain 8, so we reject Hy that o2 = 8.
> As a last exercise, suppose we would like to test (take
a=0.1)
> the population variance is at least 8
= no need to test this as s is already larger than this
(i.e. this claim is not falsifiable)
> the population variance is at most 8
Ho : o2 <38
Hi : 0'2 > 8
Upper-tail test: reject if x2_; > Xifl,o.l
B = (n;lz)sz _ (24)(;.72) _ (24)(;472) — 41.07,
X%4,0.1 =33.19
= X34 = 41.07 > X341 = 33.19
=—> Reject Hp
— with 90% confidence we can say that o

2 is at least 8.
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