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Continuous Random Variables

I A continuous random variable is a variable that can assume
any value in an interval.

I Examples:
I thickness of an item
I time required to complete a task
I temperature of a solution
I height, in inches

I These can potentially take on any value, depending only on
the ability to measure accurately.
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Probability Density Function
I Recall in discrete case, we used the notation P(X = x∗) to

denote the probability that the r.v. X assumes a particular
value x∗.

I For continuous random variables X , writing P(X = x∗)
would be meaningles. This is the most important technical
difference between discrete and continuous r.v.’s. Let us
see why...

I For any r.v. if you add up the probabilities for all possible
values that the r.v. can assume you should get 1, i.e.∑

x∗

P(X = x∗) = 1

I But if X is a continuous r.v. how many possible values are
there? Continuum!

I Continuum means even more than infinity, but let us aside
this, practically suppose it means infinite and also assume
that the least likely value of the r.v. is x∗.

I Suppose P(X = x∗) = ε, where ε is very very small
number.
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Probability Density Function

I Suppose P(X = x∗) = ε, where ε is very very small
number.

I But since there are infinite number of possible values that
X can assume, each with at least ε probability, we have∑

x

P(X = x) ≥ ∞ · ε =∞

I We got this contradiction because we assumed
P(X = x∗) = ε, no matter how small ε is.

I Bottom Line: We cannot assign probabilities to the
individual that a continuous r.v. can assume!

I Instead we are going to assign probabilities to every
possible interval that X possibly can fall into.
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Probability Density Function

I The probability density function, f (x), of random variable
X has the following properties:

1. f (x) > 0 for all values x
2. The area under the probability density function f(x) over all

possible values of X is equal to 1

P(xmin < X < xmax) =

∫ xmax

xmin

f (x) dx = 1

I The probability that X lies between two values is the area
under graph of the density function between these two
values:

P(a < X < b) =

∫ b

a
f (x)dx
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Example 1

f (x) =

{
1
8(x − 1) 1 ≤ x ≤ 5

0 for all other x

I Check whether f (x) is a p.d.f.?

1. f (x) > 0 for all values of x . Yes!

2. P(1 < X < 5) =
∫ 5
1

1
8(x − 1)dx =

4· 1
2
2 = 1. Yes!

I Let us also find the
probability that the r.v.
X will fall into 2 and 3:

P(2 < X < 3) =

∫ 3

2

1

8
(x−1)dx =

3

16
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Cumulative Distribution Function

I The cumulative distribution function (c.d.f.) of X , denoted
by F (x), expresses the probability that the random variable
X does not exceed X = x :

F (x) = P(X ≤ x) =

∫ x

xmin

f (s) ds

where f (s) is the p.d.f. of X .

I The following property of c .d .f . makes the calculation of
probabilities a lot easier: Let a and b be two possible
values of X , with a < b, then the probability that X lies
between a and b is

P(a < X < b) =

∫ b

a
f (x) dx = F (b)− F (a)

I Let us see how we could compute the probability in the
previous example.
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Example 1 cont’d ...

f (x) =

{
1
8(x − 1) 1 ≤ x ≤ 5

0 for all other x

I C.d.f. of X :

P(1 < X < x) =

∫ x

1

1

8
(s−1)ds

=
1

16
(x − 1)2

I Let us also find the
probability that the r.v.
X will fall into 2 and 3:

P(2 < X < 3) = F (3)−F (2)

=
1

16
(3−1)2− 1

16
(2−1)2 =

3

16
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The Uniform Distribution

I The Uniform Distribution is a probability distribution that
has equal probabilities for all equal-width intervals within
the range of the random variable:

I The probability distribution function (p.d.f.) for the
Uniform Distribution:

f (x) =

{
1

b−a a ≤ x ≤ b

0 otherwise

where a and b are minimum and maximum values of X ,
respectively.
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Expected Value and Variance of a Continuous RV

Expected Value of a continuous random variable X, with
probability density function f (x) is given by

E (X ) =

∫ xmax

xmin

x · f (x)dx

Notation: µx = E (X )

Variance of a continuous random variable X, with probability
density function f (x) is given by

V (X ) =

∫ xmax

xmin

(
x − µx

)2 · f (x)dx

Notation: σ2x = V (X )

Standard Deviation of X is defined as the square root of the
variance, therefore with this notation it will be simply σ.
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Example 1 Cont’d

Let us calculate µx and σ2x for the r.v. in Example 1.

µx =

∫ xmax

xmin

x · f (x)dx

=

∫ 5

1
x · 1

8
(x − 1)dx =

1

8

∫ 5

1
(x2 − x)dx

=
1

8

[x3
3
− x2

2
|51
]

= 3.7

σ2x =

∫ xmax

xmin

(
x − µx

)2 · f (x)dx

=

∫ 5

1

(
x − 3.7

)2 1

8
(x − 1)dx

=
1

8

∫ 5

1

(
x − 3.7

)2
(x − 1)dx

=
1

8

∫ 5

1

(
x3 − 8.4x2 + 20.8x − 13.4

)
dx = 24/40
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Mean and Variance of the Uniform Distribution
Let a r.v. X be uniformly distributed over the interval [a,b]:

f (x) =

{
1

b−a a ≤ x ≤ b

0 for all other x

Then µx and σ2x can be computed as

µx =

∫ b

a
x · 1

b − a
dx

=
1

b − a

∫ b

a
xdx =

1

b − a

[x2
2

]b
a

=
a + b

2

σ2x =

∫ b

a
(x − µx)2

1

b − a
dx =

1

b − a

∫ b

a
(x − 1

a + b
)2dx

= . . .

=
(b − a)2

12
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Expected Value of Functions of a Random Variable

I Let X be continuous random variable with probability
density function f (x).

I If g(X ) is a function of the r.v. X , then expected value of
g(X ) is given by

E [g(X )] =

∫ xmax

xmin

g(x)f (x)dx

I As an example, let g(X ) = X 2 − 4 and f (x) as in Example
1, then

E [g(X )] =

∫ 5

1

(
x2 − 4

)
f (x)dx

=

∫ 5

1

(
x2 − 4

)1

8
(x − 1)dx

= 248/24
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Expected Value of Functions of a Random Variable
I Note that

I g(X ) = X =⇒ E (g(X )) = E (X ) = µx

I g(X ) = (X − µx)2 =⇒ E (g(X )) = E
[
(X − µx)2

]
= σ2

x

I When g is just a linear function of X :

g(X ) = a + bX .

I Remember this is exactly what we called Y = a+ bX in Ch
4. (They are just two different ways of expressing the same
thing, however writing g(X ) = a + bX is mathematically
right one. Mathematically Y (X ) = a + bX is correct too. )

Result
Let X be cont’s r.v. with the expected value µx and the
variance σ2x , then for Y = a + bX we have

I µy = a + bµx ,
[
E (Y ) = E (a + bX ) = a + bE (X )

]
I σ2

y = b2σ2
x ,

[
Var(Y ) = Var(a + bX ) = b2Var(X )

]
and also σy = |b|σx
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Difficulty of Computing Normal Probabilities

Consider

I X v N(2, 0.92)

I Y v N(2, 1.12)

I T v N(3, 1.52)

I Compute P(0 < X < 1), P(1 < X < 2), P(2 < X < 3)?

P(0 < X < 1) =

1∫
0

1√
2πσ2x

e
−(x−µx )2

2σ2x dx =

1∫
0

e
−(x−2)2

2(.9)2√
2π(.9)2

dx

I Similarly, P(1 < X < 2), P(2 < X < 3), P(1 < X < 2) ?
I Compute P(0 < Y < 1),P(1 < Y < 2), P(2 < Y < 3)?
I Compute P(0 < T < 1),P(1 < T < 2), P(2 < T < 3)?
I Even if we fix the intervals, the integral should be

computed for each different r.v. (i.e. different pair (µ, σ2) )
I Too much work! Any practical way to get around?
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Getting over the Difficulty

Consider now

I Z v N(0, 1)

I X v N(0, 0.52)

I T v N(3, 1.22)

I Suppose we compute P(a < Z < b),

P(a < Z < b) =

b∫
a

1√
2πσ2x

e
−(x−µx )2

2σ2x dx =

b∫
a

1√
2π

e
−x2

2 dx

for many many different a and b values and store all these
probabilities on excel file.
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Getting over the Difficulty

Consider now

I Z v N(0, 1), (green)

I X v N(0, 0.52), (yellow)

I T v N(3, 1.22), (plum)

I Do you think we can compute P(1 < X < 2) from these
stored probabilities that we computed for Z?

I Imagine we start deforming the yellow distribution (Z) into
the green one (X)

I Since the area corresponding to P(1 < X < 2) should be
maintained, boundaries should move as well

I Suppose at the moment that the yellow curve overlaps
exactly with the green one, 1 becomes c and 2 becomes d ,
i.e. c ←− 1 and 2 −→ d

I Since green and yellow curves are the same thing now, go
to the stored values to bring P(c < Z < d). This is the
probability that we wanted to find

P(1 < X < 2) = P(c < Z < d)
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Can we find exact values of c and d?

Consider now

I Z v N(0, 1)

I X v N(0, 0.52)

I T v N(3, 1.22)

I Let W = X
0.5 , then

E (W ) = E [
X

0.5
] =

1

0.5
E [X ] = 0

Var(W ) = Var [
X

0.5
] =

1

0.52
Var [X ] = 1

I W v N(0, 1), which means W = Z , i.e.

X

0.5
−→ Z
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Can we find exact values of c and d?

Consider now

I Z v N(0, 1)

I X v N(0, 0.52)

I T v N(3, 1.22)

I W v N(0, 1), which means W = Z , i.e.

X

0.5
−→ Z

I Then to find c and d s.t.

P(1 < X < 2) = P(c < Z < d)

I using the previous result we can write

c ←− 1

0.5
and

2

0.5
−→ d

=⇒ c = 2 and d = 4.
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Can we do the same thing with T v N(3, 1.22)?

Consider now

I Z v N(0, 1)

I X v N(0, 0.52)

I T v N(3, 1.22)

I Let W = T−3
1.2 , then

E (W ) = E [
T − 3

1.2
] =

1

1.2
(E [T − 3])

=
1

1.2
(E [T ]− 3) =

1

1.2
(3− 3)

= 0

Var(W ) = Var [
T − 3

1.2
] =

1

1.22
Var [T − 3]

=
1

1.22
Var [T ] =

1

(1.2)2
(1.2)2

= 1
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Can we do the same thing with T v N(3, 1.22)?

Consider now

I Z v N(0, 1)

I X v N(0, 0.52)

I T v N(3, 1.22)

I W v N(0, 1), which means W = Z . Namely

T − 3

1.2
−→ Z

I As an illustration, let us find k and p s.t.

P(1.8 < T < 4.8) = P(k < Z < p)

I using the previous result we can write

k ←− 1.8− 3

1.2
and

4.8− 3

1.2
−→ p

=⇒ k = −1 and p = 1.
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Summary of the last two example and a general
result

Consider now

I Z ∼ N(0, 1)

I X ∼ N(0, 0.52)

I T ∼ N(3, 1.22)

I In the last two example, we have seen that the following
transformations convert X and T into Z :

X

0.5
−→ Z and

T − 3

1.2
−→ Z

I Do you see any pattern in these two transformations?
I In both cases, we first subtracted the mean of the rv and

then divided by its standard deviation:

X − µx
σx

−→ Z and
T − µT
σT

−→ Z
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Z transformation

I Suppose we have a random variable X with mean µx and
variance σ2x , i.e.

X ∼ N(µx , σ
2
x)

I Then,

Z =
X − µx
σx

∼ N(0, 1)

i.e. Z transforms X to a normal distribution with mean 0
and variance 1.

I The distribution Z ∼ N(0, 1) is called the standard normal
distribution.
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Example 2

I Suppose X is distributed normally with mean µx = 100
and standard deviation σx = 50.

I Find the Z value for X = 200 and X = 50.

I For X = 200,

Z =
X − µx
σx

=
200− 100

50
= 2.0

→ This says that X = 200 is two standard deviations (2
increments of 50 units) above the mean of 100.

I For X = 50,

Z =
X − µx
σx

=
50− 100

50
= −1.0

→ This says that X = 50 is one standard deviation (1
increment of 50 units) below the mean of 100.
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The Exponential Distribution

I Used to model the length of time between two occurrences
of an event (the time arrivals)

I Examples
I Time between trucks arriving at an unloading dock
I Time between transactions at an ATM machine
I Time between phone calls to the main operator

I The exponential random variable T has a probability
density function

f (t) = λe−λt for t > 0

where,
I λ is the mean number of occurrences per unit time
I t is the number of time units until the next occurrence
I e = 2.718

I Defined by a single parameter, its mean λ
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The Exponential Distribution cont’d

I The cumulative distribution function (the probability that
an arrival time is less than some specified time t) is

F (t) = 1− e−λt for t > 0

where,
I λ is the mean number of occurrences per unit time
I e = 2.718

I In another words, with probability F (t), it will take at most
t time units to observe the next occurrence, i.e.

F (t) = P(T < t)
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Example 3

Suppose customers arrive at the service counter at the rate of
15 per hour.

I What is the probability that the arrival time between
consecutive customers is less than three minutes?

I The mean number of arrivals per hour is 15, so λ = 15
I Three minutes is .05 hours
I P(T < .05) = 1− e−λx = 1− e−(15)(0.05) = 0.5276 →

There is a 52.76% probability that the arrival time between
successive customers is less than three minutes

I Suppose that one customer has just left. What is the
probability that in order to see the next customer we will
have to wait two to four minutes?

P(2 < T < 4) = P(T < 4)− P(T < 2)

= −e−(15)(4/60) + e−(15)(2/60)

= 0.239
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Definitions

I A joint probability density function of two continuous r.v.’s
denoted by

f (x , y)

I However, just like f (x) is not the probability of X = x ,
f (x , y) is not the probability of (X = x ,Y = y).

I Recall that in single variable case probabilities were defined
only for intervals, not for individual values. In the same
way, joint probability density function f (x , y) is defined
only for areas.

I We are not going to study the continuous analogs of
marginal and conditional probability distributions.
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Covariance and Correlation
I Let X and Y be two continuous r.v.’s with means µx and
µy , respectively.

I The expected value of (X − µx)(Y − µy ) is called
covariance between X and Y :

Cov(X ,Y )=E
[
(X − µx)(Y − µy )

]
=

∫
x

∫
y

(x − µx)(y − µy )f (x , y)dxdy

I If two random variables are statistically independent, the
covariance between them is 0. However, the converse is
not necessarily true unless random variables are normally
distributed.

I Correlation coefficient measures both the direction and
strength of the linear relationship between two r.v.
variables

ρ = Corr(X ,Y ) =
Cov(X ,Y )

σxσY
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Linear Functions of Two Random Variables

I For two continuous r.v.’s X and Y the following linear
combination:

W = aX ± bY

defines a new r.v. just like in the discrete case.

I The Expected Value for the linear combination of two r.v.’s

E [W ] = aE (X )± bE (Y ) or

µw = aµx ± bµy

I The Variance for the linear combination of two r.v.’s

Var [W ] = a2Var(X ) + b2Var(Y )± 2abCov(X ,Y ) or

σ2w = a2σ2x + b2σ2y ± 2abCov(X ,Y )
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Linear Functions of Two Random Variables

I Consider again a linear combination X and Y :

W = aX ± bY

I In general, even if we manage to compute E (W ) and
Var(W ), we cannot say much about the shape of the
distribution.

I However, when X and Y are normal r.v.’s , then W is
normally distributed as well

W v N(µw , σ
2
w )

I This is a very important property because it basically
allows us to compute all kinds of probabilities that we
might be interested in regarding W .
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Example 4
I Two tasks, X and Y , must be performed by the same

worker
I The worker completes X in 20 minutes on average, with a

standard deviation of 5.
I The worker completes Y in 30 minutes on average, with a

standard deviation of 8.
I Suppose X and Y are normally distributed and

independent.
I What is the probability that the worker will complete both

tasks in less than 45 minutes?
I Define W = X + Y
I Then µw = µx + µy

= 20 + 30

= 50

σ2
w = σ2

x + σ2
y + 2Cov(X ,Y )

= 52 + 82 + 2.0

= 89
I Therefore, W ∼ N(50, 89), and finally

P(W < 45) = P(Z <
45− 50√

89
)

= P(Z < −0.535) ≈ 0.3
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Example 5

I Consider two stocks, A and B.
I The price of stock A is normally distributed with mean 12

and standard deviation of 4.
I The price of stock B is normally distributed with mean 20

and standard deviation of 16.
I Stock prices are positively correlated with correlation
ρAB = 0.5.

I Suppose you own 10 shares of A and 30 shares of B.

I What is the probability that your portfolio value will be less
than $ 500?



Ch. 5 -
Continuous
Random

Variables and
Probability
Distributions

Continuous
r.v.’s

Uniform
Distribution

Expected
Values of
Functions of
a r.v.

Normal
Distribution

Normal Ap-
proximation
for Binomial

Exponential
Dist.

Joint
Distributions

Linear
Combinations

Examples

Example 5 cont’d
What is the probability that your portfolio value will be less
than $ 500?

I Define W = 10A + 30B
I Then,

µw = 10µA + 30µB

= (10)(12) + (30)(20)

= 720

σ2w = 102σ2A + 302σ2B + 2(10)(30)Cov(X ,Y )

= 102(42) + 302(162) + 2(10)(30)(0.5)(4)(16)

= 251, 200

I Therefore, W ∼ N(720, 251 200), and finally

P(W < 500) = P(Z <
500− 720√

251, 200
)

= P(Z < −0.44) ≈ 0.33

→ So the probability is 0.33 that your portfolio value will
be less than $500.
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