Ch. 3-
Counting and
Probability

Ch. 3 - Basic Principles of Counting and
Probability

Ercan Karadas

New York University

ercan@nyu.edu

Summer, 2016



Ch. 3 -

comingsnd N otivation

Probability

Motivation for
Counting

» Calculations in probability theory often involve working out the
number of different ways in which something can happen.

» Since simply listing the ways can be very tedious (and often
unreliable), it is helpful to work out some techniques for doing
this kind of counting.

> Suppose from a population of size 1000 (= N) we would like to
chose a sample of size 30 (= n) for each of ten trials.

» One might be interested in the following question: how many
different samples of size n are possible from a population of size
N?

» Think about this: is it possible to generate 5 different samples of

size 3 from a population of size N = 47
> What about if N =57



Counting and > Let us give an example: suppose that the population size is 10
Probabilty (N =10) and we would like to determine the number of possible
samples of size 3 (n = 3). How many different samples can be
otiveton for generated, without replacement?

» Take N =1{1,2,...,10}
> Let us denote the realized sample by S

S= {nl, ny, n3}

then the question is how many such S are possible?

> 1 can be one of the ten population members, and n; can be one
of the remaining 9 population members, and finally n3; can be
one of the remaining 8 population members.

> Therefore,

# of ordered triples (ni, m, n3) =10 x 9 x 8
» But this is not exactly what we wanted because S should not
care the order of its members. For example,
{2,5,8} and {8,5,2}

are the same sample, but they were counted separately in the
previous expression.
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» Therefore, we need to adjust the formula to take into account
M 2 these double counting.

Counting
> Let us continue with the same example: we said
{2,5,8} and {8,5,2} are the same thing as a sample.

> Let us list all the other same things that we can construct by
using the same three members {2,5, 8}:

ng | n | n3

C1| N[ 00| N 00| O
N| O1| N| 00| O1| 0O

Q| ool 1| O N N

> Therefore, the same three elements, {2,5,8}, appear 6 times in
the formula 10 x 9 x 8 with different orderings.
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And of course this is true for all the other triples, therefore

10x9x8
# of (non-repeating) triples ({ny, n2, n3}) = % = 1200

This is the number of different samples of size 3 that can be
drawn from a population of size 10.

Let us focus a little more on how we can think about the
denominator in the expression above
Basically, each {ny, np, n3} triple can be written as 6 different
ordered triples, because
> there are three spots, | — | — | — |, to be filled with these three
elements
> the first spot can be filled with one of the three elements
— in 3 different ways
> the second spot can be filled with one of the remaining two
elements
— in 2 different ways
> the third spot can be filled with the only remaining element
— in 1 different way
> Therefore, there are
3x2x1=6

ordered triples
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Counting and Counting Formulas

Probability
Example:
How many different samples of size 4 can be generated from a
Counting population of size 137
>

# of ordered quadruples (ny, na, n3, ny) =13 x 12 x 11 x 10

# of double-counting for each quadruple =4 x3 x2x1

» Therefore, the number of different samples is equal to

13 x 12 x 11 x 10
# of (non-repeating) quadruples 153 %2 % 1

> Next, we are going to generalize the ideas we have used in these
computations...



Ch.3- Suppose we have x distinguishable objects.

Counting and

Probability » Number of Orderings: The total number of possible ways of
ordering these x objects is given by

x(x—=1)(x—-2)...2.1
which is denoted by x!, i.e.
xI=x(x=1)(x=2)...(2)(1)

— To find the number of ways of doing something, multiply the
number of choices available at each stage.

» Permutations (Arrangements): The total number of
permutations of x objects chosen from n objects is

n(n—1)(n-2)...(n—x+1)

Counting
Formulas

> Note that in terms of factorials this can be expressed simply as

(n—x)

> And we are going to use the following notation for permutations:
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» Combinations: The total number of combinations of x objects
S chosen from n objects is
cn_ n!
* (n—x)l-x!

> Note that C is just P divided by x!, i.e.

1
ch = pn

X_;X

» Going back to the first example, with these definitions,

> # of ordered triples —» P3°

> # of (non-repeating) triples — C3° = %Plo
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Formulas

Example 1

How many four-letter code words can be formed using a standard
26-letter alphabet

1. if repetition is allowed?

Four spots

= 1=1=1-]
to be filled, each with 26 possibilities, so there are
26 x 26 x 26 x 26 = 26 four-letter codes

2. if repetition is not allowed?

P76 = 28 = 26 x 25 x 24 x 23

3. if no two code words should contain the same set of four letters
(i.e. at least one letter should be different any two pairs of code
words)

C0 = 2%, =26x25x23
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Example 2
Seven of Miss Murphys students are girls and five are boys.
Counting
Remrles 1. Miss Murphy wants to seat 12 of her students in a row for a class
picture. How many different seating arrangements are there?
Ans. 12!

2. In how many different ways can she seat the 7 girls together on
the left, and then the 5 boys together on the right?

Ans. 7! x 5!

Example 3

The Library of Science Book Club offers three books from a list of 42.
If you circle three choices from a list of 42 numbers on a postcard,
how many possible choices are there?

Ans. C3?
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— Example 4
Formules Given a class of 12 girls and 10 boys.
1. In how many ways can a committee of five consisting of 3 girls
and 2 boys be chosen?

Ans. First note that the order of the children in the committee
does not matter. From 12 girls we can choose C}? different
groups of three girls. From the 10 boys we can choose C1°
different groups. Thus, the total number of committee is C32.C3°

2. How many of the possible committees of five have no boys?(i.e.
consists only of girls)

Ans. C30.C22
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Formulas

Example 5.

How many ways are there to select a committee to develop a discrete
mathematics course at a school if the committee is to consist of 3
faculty members from the mathematics department and 4 from the
computer science department, if there are 9 faculty members of the
math department and 11 of the CS department?

Ans. C3.CJ1
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Probability
The set of all possible outcomes from an experiment is called the
sample space of the experiment, denoted by S.

Examples

1. If the experiment consists of tossing a coin, there are two

Sample Space . R . ) )
possible outcomes in this experiment: heads and tails:

S = {Heads(H), Tails(T)}

2. If the experiment consists of observing the reported SAT scores
of a randomly selected student at NYU, the sample space would
be the set of positive integers between 200 and 800 that are

multiples of ten:
S = {200,210, 220, ...,790,800}

3. What is the sample space if toss a coin twice? In this case the
sample space is:

S ={HH,HT,TH, TT}
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» Think of the last example, what kind of outcomes you might be
interested in?
Sample Space » Obviously you might be interested in any of four possible

outcomes.

» But you might also be interested in probability of observing at
least one Heads.

> In that case you need to consider not just a single possible
outcome but a collection of possible outcomes.

> Therefore if you are interested in finding the probability of
observing at least one Heads in this experiment, you need to
consider the set {HH, HT, TH}.

> This motivates the following fundamental definition in probability.
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Basic
Outcomes,
Events

Basic Outcome:
A possible outcome of a random experiment.

In another words, if the sample space is
5={01,0,,...,0,}
each O is a basic outcome.

Event:
Any collection of possible outcomes of an experiment constitute an
event.

In other words, any subset of the sample, S, is called an event. For
example, some events

Ei={01,0s,...,00} =S
Ey = {01, 02}

Ez = {01, 0.}

Es = {03, 07,011}
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Examples cont'd

1. If the sample space is

S={H,T}
then some events:

E1 = {H}

E={T}

Es={H, T}

2. Suppose that somehow we are interested in the following
situation: What is the probability of an arbitrary chosen student
in NYU to have a SAT score above 600.
In this case, the sample space is

S = {200,210, 220, ...,790,800}
and the event that we are interested in is

E;= {All SAT scores above 600}
= {600, 610, ...,790,800}
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Examples cont'd
Another event that we might be interested in would be:

E>= { SAT scores between 600 and 700}
= {600,610, ...,690, 700}

3. As we discussed above if we are interested in finding the
probability of observing at least one Heads in this experiment, we
need to consider the event:

E;= {At least one Heads occurs in this experiment}
= {HH, HT, TH}

Some other events:

E>= {Exactly two Heads occurs}
— {HH}

Es= {In the first toss Heads, and in the second toss Tails comes}
={HT}
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> Intersection of Events: If A and B are two events in a sample
space S, then the intersection, AN B, is the set of all outcomes

in S that belong to both A and B

D

» Union of Events: If A and B are two events in a sample space S,
then the union, AU B, is the set of all outcomes in S that belong

to either A or B

» The Complement of an event A is the set of all basic outcomes
in the sample space that do not belong to A. The complement is

denoted by A
O

Generating New
Events

]

pd
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Probability

» A and B are Mutually Exclusive events if they have no basic

outcomes in common
S

Formally, two events, A and B, are mutually exclusive if

Generating New

Events A m B — @.
» Events Ey, E,, ..., Ex are Collectively Exhaustive events if
EUBU...UE =S

i.e., the events completely cover the sample space
» Consider the following example:

8|

G
]
B \

R

As BU GUR =S, these three events are collectively exhaustive.
However, they are not mutually exclusive (their pairwise
intersections is not empty).
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> Consider another example:
S
A B C D
As AUBU CUD =S, these four events are collectively
Generating New exhaustive and mutually exclusive.

Events

» Events Ey, Ep, ..., Ex are said to form a Partition of the sample
space if they are both collectively exhaustive and pairwise
mutually exclusive.

> In the previous example, A, B, C and D form a partition of the
sample space (they are collectively exhaustive and pairwise
disjoint, check!).

> Note that for any event A, since AUA =S and ANA = () always
hold, A and A together form a partition of the sample space.
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Experiment: Rolling a die once. Then

» Sample space
5=1{1,2,3,4,5,6}

» Event that the number rolled is even
Eepeating New A={2,4,6}
» Event that the number rolled is at least 4
B ={4,5,6}

Complement: A= {1,3,5}, B={1,2,3}
Intersection: AN B = {4,6}

Union: AUB ={2,4,5,6}

Are they mutually exclusive? No

vV v.v. v .Y

Are they collectively exhaustive? No
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There are three red chips and two blue chips in a bowl. The red chips
are numbered 1, 2, and 3, respectively, and the blue chips are
numbered 1 and 2, respectively. Suppose two chips are to be drawn at
random.

1. The sample space for this experiment.

Generating New S={RiRy, RiRs, RoR3, B1By, RiB1, R1 B>, RoB1, Ro By, R3 By, R3 By}

Events
2. Write down the event that two chips have the same number.
Ey = {R1B1, RaB>}
3. Write down the event that two chips have the same color.
E; = {RiR2, RiR3, RaR3, B1 By}

4. Find the event that two chips have either the same number or
the same color.

E3 = {R1R27 R1R3a R2R3a BIBZa RlBla RQB2}
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Probability:
The chance that an uncertain event will occur.
Probability Rules

Probability Postulates:

» 0<P(A) <1
» If A= UL, 0, then

where O;'s are basic outcomes

» P(S)=1
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» The Complement rule:
P(A)=1— P(A)

Probability Rules

» The Addition rule:

P(AUB) = P(A)+ P(B) — P(AN B)

» For any two events A and B, we can summarize probabilities and
joint probabilities as in the following table

B
P(ANB) | P(ANB)
P(ANB) | P(ANB)

P(B) P(B) P(S)=1

A
A
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GRS » Consider a standard deck of 52 cards, with four suits:

> Let event A = card is an Ace

> Let event B = card is from the red suite

Color
TyPe | Red |Black |Total

Ace 2 2 4
Non-Ace | 24 24 48
Total 26 26 52
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P(Red U Ace) = P(Red) + P(Ace) - P(Red n Ace)
Probabitty Rue = 26/52 + 4/52 - 2/52 = 28/52
\ " 7 |Don’t count
\ COI‘I" the two red
Type B,eg/ Black Total aces twice!

Ace (2\] 2>] 4
Non-Ace | \24/ | 24 | 48
Total 26 | 26 | 52
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Conditional Probability

> Consider the following example:
> In our stat class students are either freshmen (E;), juniors (Ez),
or sophomores (Ez).
> Some of the freshmen and juniors take Econ 101- the principles
(say event A).
> Also suppose that it is more likely that a freshman taking the

principles.
» We can represent this example as
s x
E1 E2 E3
A

» We could be interested in the following question: what is the
probability that a randomly chosen student in the class takes
Econ 1017

> If you would like to think this question in terms of areas, this
probability is equal to

area of A B
area of S

P(A)
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Now suppose you are told that the randomly chosen student is a
freshman (E; occurred), would you change your probability
assessment regarding A?

Continuing with the geometric approach above, knowing E; has
occurred is equivalent to cutting out and ignoring everything
outside the region Ej:

E1

ANEL

Importantly, note that we have also cut out the part of A that
remained in E, and we can express the relevant area as AN E;.

Therefore, knowing that the randomly chosen student is a
freshman, the probability that this student also takes Econ 101 is
equal to

area of AN E;

= Probability of A given E; has occurred
area of £

This is the concept of conditional probability. Next, we are going
to formalize these ideas.
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Conditional Probability: the probability of one event, given that
another event has occurred.
» The conditional probability of A given that B has occurred
Conditional
s p(alB) = PANBE)

P(B)

» Similarly, the conditional probability of B given that A has
occurred
P(BNA)

P(BIA) = i
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Example

Of the cars on a used car lot, 70% have air conditioning (AC) and
40% have a CD player (CD). 20% of the cars have both.

What is the probability that a car has a CD player, given that it has
AC? i.e., we want to find P(CD|AC)

Let us first summarize what we know in the following table

Of the cars on a used car lot, 70% have air '
conditioning (AC) and 40% have a CD player (CD).
20% of the ca\s have both.

~—_ [ cb_[NocD [Total
AC 2 5 7
No AC 2 A 3
Total 4 6 |10
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Given AC, we only consider the top row (70% of the cars). Of
these, 20% have a CD player. 20% of 70% is 28.57%.
CD No CD | Total
AC (2)| 5 |[(7)
No AC 2 A 3
Total 4 R 1.0
N

P(CD|AC) = % @ 2857
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v

Multiplication Rule for two events A and B:
P(ANB) = P(A|B)- P(B)

Conditional
Probability and

Independence » Also
P(ANB) = P(B|A) - P(A)

v

Basically, the multiplication rule tells us how to calculate
P(AN B) when we know either P(A|B) or P(B|A).

Note that the multiplication rules can be obtained simply by
rearranging the conditional probability rules.

v

Example
P(Red N Ace) = P(Red|Ace) - P(Ace) = (2) - (&) = &



Ch. 3 -

cmmsd Example: Forgetful Traveler

A tourist wants to visit three capitals A, B, C. He travels first to one

Condition capital chosen at random. If he selects A, he next time chooses
i between B and C with the same probability. If he then selects B, he

next time chooses between A and C with the same probability. So he
forgets that he had visited A before.

» What is the probability that he will visit all three capitals in three
visits?

» What is the probability that he will visit all three capitals in four
visits?
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> Suppose that we have calculated P(A) and P(A|B), and they are
equal, i.e.
P(A) = P(AB)

Conditional
Probability and

e » LHS is the unconditional probability of A, i.e. without knowing
whether B has occurred or not.
> RHS is the conditional probability of A, i.e. probability of A given
that B has already occurred.
> |If the above equality holds, it means that occurrence of B does
NOT effect whether A will occur or not, and in that case, we say
these two events are independent.

» Two events are statistically independent if

P(A)=P(A|B) or P(B)=P(B|A)
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Statistical Independence

> We can obtain an alternative definition of statistical
independence:
> If A and B are independent, we know that P(A) = P(A|B).
» Substitute this into the conditional probability formula

P(AN B)
P(B)

_ P(AnB)

P(A|B) = = P =55

» Cross-multiplying gives us the following alternative condition for
checking whether two events are statistically independent.

» Two events are statistically independent if :
P(ANB) = P(A)- P(B)

Events A and B are independent when the probability of one
event is not affected by the other event
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Consider the previous example:
Of the cars on a used car lot, 70% have air '
conditioning (AC) and 40% have a CD player (CD).
20% of the ca\s have both.
cD | Nocb [Yotal
N
Conditional AC 2 5 7
Independense. No AC i2 1 3
Total 4 .6 1.0

Are the events AC and CD statistically independent?
> We need to check whether P(AC N CD) = P(AC) - P(CD)?

» But
0.2=P(ACNCD) # P(AC) - P(CD) =0.28

> So these two events are not statistically independent
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In a campus restaurant it was found that 35% of all customers order
vegetarian meals, and that 50% of all customers are students. Further,
25% of all customers who are students order vegetarian meals.

1. Define the events and probabilities given in the problem.

V: customer orders a vegetarian meal
S: customer is a student.

Review Example

P(V) =0.35
P(S) = 0.50
P(V|S) = 0.25

2. What is probability that a randomly chosen customer both is a
student and orders a vegetarian meal?

P(V N S) = P(V|S)P(S) = (0.25)(0.50) = 0.125
(from the multiplication rule)
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3. If a randomly chosen customer orders a vegetarian meal. what is

the probability that the customer is student?

P(VNS) 0125

PIVIS)=—prvy = 03

= 0.357

. What is the probability that a randomly chosen customer both

doesn’t order a vegetarian meal and is not a student?

P(VNS)=1—P(VUS) (Draw a venn diagram to see this)
=1—-[P(V)+ P(S)—P(VNS)]
=1-[0.35+0.50 — 0.125]
=1-0.725 = 0.275

. Are events " customers order vegetarian meals” and "customer is

a student” independent?
Since P(V N S) =0.125 # P(V)P(S) = 0.35.0.50 = 0.175,
events V and S are not independent.
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. Are the events " customers order vegetarian meals” and

"customer is a student” mutually exclusive?

Since their intersection is not empty (because
P(V NS) =0.125 £ 0), these two events are not mutually
exclusive.

. Are events " customers order vegetarian meals” and " customer is

a student” collectively exhaustive?

If these two events were collectively exhaustive then their union
would be the all customers, which would in return imply
P(VUS) =1, but P(VUS) =0.725, so they are not
collectively exhaustive events.



Ch. 3 -

Counting and Bayes' Theorem

Probability

» Consider the example that we used to motivate conditional
probability:

E1 E2 E3

» There, we discussed how our probability assessment regarding the
event A has changed once we learned that E; had already
occurred.

Bayes' Theorem

» But the opposite is also possible: sometimes we know that A has
already occurred, but we do not know which partition of the
sample space it is coming from.

» Again assuming that the probability of each event in the picture
is proportional to its area, can we say

P(Ez) > P(El)?

Yes!
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Probability » Now, suppose you learned that A has already occurred, would
you change your probability assessment regarding E; and E,?

— Do you still think P(Ez) > P(E;1)?

» Knowing that A has occurred we know that we are in the blue
region, but we still do not know whether in AN E; orin AN Ep,

ATANE, ANE,

Bayes' Theorem

» Now, we can express the probability that the draw is coming
from E; given that A has already occured as

P(AN E)
P(A)
- P(AN E)
- P(ANE)+P(ANE)
P(A|E1)P(E1)
P(A|E1)P(E1) + P(A|E) P(E2)

P(E1|A) =
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P(E1|A) > P(E2|A)

Recall that without knowing whether A has occurred, we had
concluded exactly the opposite, i.e. P(E1) < P(Ey):
> Without knowing anything about the randomly chosen student
(whether it takes Econ 101), it is more likely that the student is a
junior, but once we know that the student takes Econ 101, it is
more likely that the student is a freshman.

» Summary:

Bayes' Theorem

> We started with an initial probability assessment for each element
of the partitions

P(E1), P(E:), and P(E3)

These are called unconditional probabilities.

> Then we learned that some related event (A) has occurred

> and using this new piece of information we updated our initial
probability assessments to

P(E1|A), P(E:|A), and P(Es|A)

> This is the content of Bayes's theorem that we will state next.
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Bayes' Theorem

B P(A|E;)P(E;)
P(Ei|A) = P(A|E1)P(E;) 4+ P(A|E)P(E,) + P(A|E3)P(E3)

Bayes' Theorem

where
E; = it" element of the partition of the sample space
A = an event that might impact P(E;)
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A drilling company has estimated a 40% chance of striking oil for
their new well. A detailed test has been scheduled for more
information. Historically, 60% of successful wells have had detailed
tests, and 20% of unsuccessful wells have had detailed tests. Given
that this well has been scheduled for a detailed test, what is the

probability that the well will be successful?

Solution 1.
» Let S = successful well and U = unsuccessful well
P(S) = 0.4 and P(U) = 0.6 (prior probabilities)
Define the detailed test event as D
Then conditional probabilities: P(D|S) = 0.6, P(D|U) = 0.2
Goal is to find P(S|D)

Bayes' Theorem

vV v.v Yy

_ P(D|S)P(S) _ (94
PEID) = B(BI5)P(S) + PDIOIP(D) ~ (6)(4) + (2)(6) 0%

So the revised the probability of success (from the original estimate of
.4), given that this well has been scheduled for a detailed test, is .667
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> In this approach, first we summarize all the information given in

the problem using rectangles

DI% | .'“T

» Probabilities are proportional to the respective areas.

» Using this representation we can rephrase the question as:
knowing that the draw is coming from one of the blue regions,
what is the probability that it is from the one on the left (colored
dark below)?

Bayes' Theorem

\ 10
0. 0.6x0.4 " -
0.6x0.2 foz

04 06

» Then we just need to calculate the ratio, Dark Blue Area '\ hich s
Total Blue Area

(:6)(-4) _
gy = 0-667
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Bayes' Theorem

Example

Three plants C;, G, and G, produce respectively, 10%,50%, and
40% of a company’s output. Although plant C; is small, its manager
believes in high quality and 1% of its products are defective. The
other two, G, and Gz are worse and produce items that are 3% and
4% defective, respectively. All products are sent to a central
warehouse. One item is selected at random and observed to be
defective. What is the probability that the defective item is coming
from the first plant?
Solution 1.

We are given: P(C;) =0.1, P(G) =05, P(G)=04
Let us name the event " being defective” as D, then conditional
probabilities are: P(D|C;) = 0.01, P(D|(G) = 0.03, P(D|C3) = 0.04
We are asked to find P(C;|D)? Using Bayes’ rule:

P(Cl n C)

P(GID)= ~ 5y

P(D|G)P(&)
+ P(D|G)P(C) + P(D|G)P(G)

)

P(D|G)P(Cy) )
(0.10)(0.01) 1

( )

(0.10)(0.01) + (0.5)(0.03) + (0.4)(0.04) ~ 32
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Probability Solution 2 - A Geometric Approach.

» Summarize the information using rectangles

G [ [

AR o

» Using this representation we can rephrase the question as:
knowing that the draw is coming from one of the blue regions,
what is the probability that it is from the first segment on the

Bayes’ Theorem left (colored dark below)?

G (%) G
y B ~

10

J Lo
ootlomam| 0% J
o o5 o

Dark Blue Area

» Then again we just need to calculate the ratio, Total Blus Arcs

which is
(0.10)(0.01) 1

(0.10)(0.01) + (0.5)(0.03) + (0.4)(0.04) ~ 32
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